
dwihnznl dwlgnd

Department of Mathematics

(B.Sc) mircna xbea x`ezl mkqn hwiext

ziyeniy dwihnzna

zizveawd dwicad zhiy

wecv oiirn

The Group Test Method

Maayan Tzadok



mipiipr okez

2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dncwd 1

4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ontxec zhiy 2

4 . . . . . . . . . . . . . . . . . . . . . . . . . . dhiyd xe`z 2.1

4 . . . . . . . . . . . . . . . . . . . . . . . . . . dhiyd gezip 2.2

6 . . . . . . . . . . . . . . . . . . . . C(n) divwpetd zxiwg 2.3

20 . . . . . . . . . . . . n - ilnihte`d dveawd lcebl aexiw 2.4

23 . . . . . . . . . . . . . . zewicad xtqn zebltzd zxiwg 2.5

26 . . . . . . . . . . . . . . . . . . . . . . ontxec zhiy xetiy 2.6

30 . . . . . . . . . . . . . . . . . . . . . . . . . . . ireaix jxrn zhiy 3

30 . . . . . . . . . . . . . . . . . . . . . . . . . . dhiyd xe`z 3.1

35 . . . . . . . . . . . SA1 zhiyl ontxec zhiy oia d`eeyd 3.2

37 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zepwqne mekiq 4

41 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . migtqp 5

1



dncwd 1

.rbiine xwi jildz `id "minebt" xezi`l dlecb miyp` zveaw ly dwica

lr myeie ontxec i"r dpey`xl lteh dlecb diqelke`a "minebt" miyp` ly iedif

z` xz`l dvx a"dx`a xeaivd ze`ixal zexiy eay ,lecb dcin dpwa hwiext

.1943 zpya zabra mirebpy qeibl micnrend mixabd lk

zhiqxaipe`a zihilet dlklkl xeqtext did (1916− 2002) ontxec hxaex

zeizveaw zewica ,dlklkd inegzl zeax mxz ontxec .i`wihqihhqe cx`eexd

.dptvd zehiye

`ed [1] ’The Detection of Defective Members of Large Populations’ exn`n

.zizveawd dwicad megza jxc oa`

zniieqn dlgn iedif jxevl mc zwica rval yxcp :efk `id dirad illk ote`a

.N - miyp` ly lecb xtqnl

rebp mieqn mc`y zexazqdd `id p xnelk ,p `id diqelke`a dlgnd zegiky

.dlgna

izya mcd zwica z` rval ozip ,miwcapdn zegwlp mcd zenibcy xg`l

:mikxc

.zewica N zeyxcp df dxwna ,cxtpa wcaidl leki mc` lk .1

miyp` n-n zenibc aaxrl ozip :n lceba zeveawl zenibcd z` miwlgn .2

.zaexrzd z` wecale zg` dnibcl

dveaw dze`a miyp`d n-n cg` s` ,zilily zlawzny d`vezd m`

.zetqep zewica rval jxev oi`e ,rebp epi`

dwica rval yxcpe dveawa cg` rebp zegtl yi ,ziaeig d`vezd m`

n+ 1 df dxwna rvap k"dq .miyp`d n-n cg` lkl zil`eciaicpi`

.dveawl zewica

`iaz ef dhiyy iaih`ehpi` ote`a xexa .ontxec zhiy z`xwp ef dhiy

:ohw ce`n p xy`k cgeina ,erveay zewicad xtqna oekqigl

n lceba dveaway iekiqd f`e dphw dlgnd zegiky ,ohw p-y dxwna

n ly zenibcd zaexrzl dwica rvap xy`k okle ohw mb rebp mc` didi
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n-l zg` dwica rvap f`e ,xzei deab zilily d`vez lawl iekiqd miyp`

.rvapy zewicad zenka lecb oekqig eplaiwe ,zewica n mewna miyp`

:od ef dhiy iabl zelery zel`yd

?rvapy zewicad zenka oekqigd swid dn •

?dveawl xzeia lirid lcebd dn •

xtqna xzei lecb oekqigl `iadl zpn lr ef dhiy z` xtyl ozip ji` •
?zewicad

?mze` repnl ozip m`d ,ok m`e ?dhiyl zepexqg miniiw m`d •

.hwiiexta weqrp dl` zel`ya

xywd z` x`znd iehia lawpe dze` gqpp ,dhiyd z` x`zp oey`xd wxta

dqppe df iehia xewgp ,rvapy zewicad xtqn zlgezl xgapy dveawd lceb oia

.zewicad xtqna oekqigd z` mqwnl

.rvapy zewicad zenka oekqigd z` dlicbny zxteyn jxc bivp sqepa

oia d`eeyd rvape zeizveaw zewica revial ztqep dhiy bivp ipyd wxta

.zehiyd
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ontxec zhiy 2

dhiyd xe`z 2.1

mcd zenibc z` aaxrp dveaw lkl .n lceba zeveawl N lceba diqelke` wlgp

.zaexrzd lr dwica rvap .zg` zaexrzl dveawd ixag lk ly

dnibcl ziphxt dwica rvap ,ziaeig zaexrzd zwican dlawzdy d`vezd m`

.dveawd ixagn cg` lk ly

ixagn cg` s`y wiqp ,zilily zaexrzd zwican dlawzdy d`vezd m`

.zetqep zewicaa jxev oi`e rebp epi` dveawd

.zexewnd zniyxa [1] xn`na dpey`xl dbved ef dhiy

dhiyd gezip 2.2

:xicbp

dleg z`ivnl iekiqd zi`xw` dnibcay jk ,diqelke`a dlgnd zegiky - p

.p `id

.rebp didi `l i`xw`a xgapy mc`y zexazqdd - q = 1− p
,i`xw`a dxgapy miyp` n ly dveaway zexazqdd `id (1 − p)n -y oigap

:okl ,rebp epi` mdn cg` s`

dxgapy miyp` n ly dveaway zexazqdd - p′ = 1 − (1 − p)n = 1 − qn

.rebp cg` mc` zegtl i`xw`a

N

n
:`ed N lceba diqelke`a n lceba zeveawd xtqn

mr N lceba diqelke`a n lceba zerebp zeveaw ly ietvd xtqnd okl

p′ ·N
n

:`ed p zegiky xeriy
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ly zizveawd dwicad zhiya zeyrl yiy zewicad xtqn zlgez -T onqp

:f` .ontxec

T =
N

n
+ n · N

n
· p′

:xy`k

.eyriy zeizveawd zewicad xtqn z` oiivn
N

n

.zerebp e`vnpy zeveawd xtqn z` oiivn n · N
n
· p′

zeveawd lk xear rvapy zil`eciaicpi`d zewicad xtqn z` oiivn
N

n
· p′

.zerebp e`vnpy

mc`l zewicad xtqn zlgez - C xicbp

C =
T

N
=

1

n
+ p′ =

n+ 1

n
− (1− p)n

(p′ xear iehiad z` izavd oexg`d xarna)

dhiya zewicad xtqn oial ontxec zhiya zewicad xtqn oia qgik xcben C

.(mc` lkl zil`eciaicpi` dwica) dlibxd

ielz `ede ontxec zhiy i"r biydl ozipy oekqigd swid didi S = 1 − C okl

.zegikyd xeriyae dveawd lceba
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C(n) divwpetd zxiwg 2.3

xtqn oial ontxec zhiy i"r yxcpd zewicad xtqn oia qgid z` z`han C(n)

.mc`l ietvd zewicad xtqn zexg` milina e` dlibxd dhiya zewicad

ontxec zhiya ynzydl liri izn zrcl ick efd divwpetd z` xewgp

n-dveawd lcebd edn `evnl ick oke ,zeil`eciaicpi` zewica rval sicr izne

.oezpe reci p-y dgpda p ly mipey mikxr xear ilnihte`d

lceb xzei lecb p ly ekxr xnelk ,xzei dgiky dlgndy lkky `id divi`ehpi`d

:divi`ehpi`d z` xiaqp .xzei ohw lecb didi ilnihte`d dveawd

zeveawdn zg` lkay iekiqd f` zelecb zeveaw gwipe dvetp ce`n dlgnd m`

zewicad aexa ziaeig d`vez lawp f`e ,dgiky dlgnd ik ,lecb rebp didi

dxevae ,dl` zeveawn zg` lkl ziphxt dwica rval jxhvpe rvapy zeizveawd

zenka ohw ce`n oekqig lawl e` zewicad zenk z` licbdl milelr ep` efk

.zewicad

,ohw dveawa rebp didiy iekiqd xzei ohw didi dveawd lceb m` ,ipy cvn

zeiphxt zewica xzei jeqgl lkepe zilily d`vez zeveaw xzei xear lawp jke

.rvapy llekd zewicad xtqna xzei lecb oekqig lawl jkn d`vezke

:divwpeta opeazp

C(n) =
n+ 1

n
− (1− p)n

yxcpd zewicad xtqn oia qgid z` z`han ef divwpet ,2.2 sirqa epi`xy itk

dwicad zhiyy ick okl ,dlibxd dhiya zewicad xtqn oial ontxec zhiy i"r

`edy dvxpe C(n) xear ilnipind jxrd z` lawl dvxp dliri didz zizveawd

.rval jxhvpy zewicad zenka oekqig lawl zpn lr 1-n ohw didi

gezipd z` ,dveaw lceb oiivnd mlye iaeig xtqn `ed n-y zexnly oiivl yi

.d`vezd ly mly jxr gwpe sivx n xear rvap C(n) xear

oekqig lawp n ly jxr dfi` xear zrcl ick C(n) divwpetd z` xewgl dvxp

s`ey n xy`k divwpetd zebdpzd z` ogap dligz .zewicad xtqna ilniqwn

n-l s`ey n xy`ke 0-l
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limn→0C(n), limn→∞C(n) :mi`ad zeleabd z` aygp jk myl

limn→0C(n) = limn→0
n+ 1

n︸ ︷︷ ︸
↓
∞

− (1− p)n︸ ︷︷ ︸
↓
1

=∞

limn→∞C(n) = limn→∞
n+ 1

n︸ ︷︷ ︸
↓
1

− (

< 1︷ ︸︸ ︷
1− p)n︸ ︷︷ ︸
↓
0

= 1

la` ,ontxec zhiy zeliri iabl ztxeb dpwqn wiqdl ozip `l dl` ze`vezn

milawn ep`y oeeik ,aeh `l 0-l s`ey n eay avndy `ed wiqdl ozipy dn

`linn j` ,ohw xzeiy dnk jxr mivex ep`e ∞-l s`ey C(n) divpwetd jxry

.mly xtqn `ed n ik okzi `l dfk avn

m`d zrcl ozip `l j` ,1-l zt`ey divwpetdy milawn ∞-l s`ey n xy`k

edyizn m`d dl`yd zl`yp okl .dlrnln e` dhnln 1-l zt`ey divwpetd

m`e ?C = 1 xyid dlrn `vnp `id cinzy e` 1-n ohw jxr zlawn divwpetd

C(n) z` lawp n ly jxr dfi` xeare dxew df n ly mikxr eli` xear ,ok

xewgle C(n) ly zxfbpa opeazdl jxvp dl` zel`y lr zeprl zpn lr ?ilnipind

.dzebdpzd z`

: C(n) z` xefbp jk myl .(0,∞) rhwa menipin ef divwpetl yi m`d wecap

C ′(n) = − 1

n2
− ln(1− p) · (1− p)n

iehiad z` deeyp m` .zqt`zn zxfbpd exeary n miiw m`d zrcl dvxp zrk

.zihilp` xeztl ozip `ly d`eeyn lawp qt`l zxfbpd z` `hand

z` dligz aygp jk myl .C ′(n) divwpetd zebdpzd z` xewgl jxhvp okl

n→ 0 xy`k zxfbpd ly leabd

lim
n→0

C ′(n) = lim
n→0
− 1

n2
−ln(1−p)·(1−p)n = − lim

n→0

1

n2︸︷︷︸
↓
∞

− lim
n→0

ln(1−p)·(1− p︸ ︷︷ ︸
∨
0

0<p<1

)n

︸ ︷︷ ︸
↓
1

= −∞
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C ′(n) zxfbpdy d`xp ,xnelk .ililyd oeeikdn C ′(n)→ 0 ,n→∞ xeary d`xp

:mieqn n-n lgd zilily

lim
n→∞

C ′(n) = lim
n→∞

− 1

n2︸︷︷︸
↓
0

− ln(1− p) · ( 1− p︸ ︷︷ ︸
0 < 1− p < 1

)n

︸ ︷︷ ︸
↓
0

= 0

leabd jezay iehiad z` litkp ,lecb n xear C ′(n) ly oniqd z` xewgl ick

:lawzny leabd z` aygpe n2-a

lim
n→∞

n2·C ′(n = lim
n→∞

−1−n2·ln(1−p)·(1−p)n = −1− lim
n→∞

n2 · ln(1− p) · (1− p)n︸ ︷︷ ︸
(∗) = 0

= −1

(∗)

limn→∞ n2︸︷︷︸
↓
∞

· ln(1− p) · (1− p)n︸ ︷︷ ︸
↓
0

[∞ · 0] =

limn→∞
n2 · ln(1− p)
(1− p)−n

[∞
∞

]
=

l′Hopital
lim
n→∞

2n · ln(1− p)
− ln(1− p) · (1− p)−n

[∞
∞

]
=

l′Hopital

limn→∞
2 ln(1− p)

(ln(1− p))2 · (1− p)−n
=

< 0︷ ︸︸ ︷
2 ln(1− p)
ln(1− p))2︸ ︷︷ ︸

> 0

lim
n→∞

(1− p)︸ ︷︷ ︸
0 < 1− p < 1

n

︸ ︷︷ ︸
↓
0

= 0

:y eplaiw f`

lim
n→∞

n2 · C ′(n) = −1

.n→∞ xy`k ililyd oeeikdn qt`l s`ey C ′(n) okl ,ilily − 1

n2
iehiad

:y eplaiw

limn→0C
′(n) = −∞

limn→∞C
′(n) = 0

C ′(n) < 0 miiwzn lecb n xear
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n > 0 ly mikxr miniiw m`d wecap zqt`zn C ′(n) m`d zrcl ick ,zrk

C ′(n) miipiad jxr htyn itl f` ,dl`k mikxr miniiw m` .C ′(n)
?
> 0 mxeary

.idylk dcewpa zqt`zn

C ′(n) = − 1

n2︸︷︷︸
> 0 ∀n

− ln(1− p)︸ ︷︷ ︸
≤ 0

· (1− p)n︸ ︷︷ ︸
> 0 ∀n

?
> 0

⇐⇒ − 1

n2
> ln(1− p) · (1− p)n

⇐⇒ −1 > n2 ln(1− p) · (1− p)n

d`xp) .cinz miiwzn `l df C ′(n) ly sxba aygna mihehxya zeppeazd itl

(jydna mihehxy

i`d z` miiwn `l n ly jxr s`y lawp p ly minieqn mikxr xear ,xnelk

.(jynda df dxwn ogap) zqt`zn `l zxfbpdy wiqp dtne dfd oeieeiy

xnelk ,ihixwd jxrd `edy p ly miieqn jxr miiw ,zrk d`xpy itk sqepa

oeieiyd i` z` miiwny n ly jxr s` didi `l epnn lecby p ly jxr lk xeary

.C ′(n) > 0 :y jk n miiw p ikxr eli` xear wecap .l"pd

(?)

C ′(n) = − 1

n2
− ln(1− p) · (1− p)n > 0

⇐⇒ n2 · (1− p)n > 1

ln

(
1

1− p

)
h(n) = n2 · (1− p)n :onqp

.h(n) divwpetd l`ny sb`ae p-a wx ielzy iehia yi oeieeiyd i` ly oini sb`a

sb` z` licbp f` n ly jxr edyfi` xear oini sb`n lecb zeidl jixv l`ny sb`

divwpetd exeary n ly jxrd z` gwp ,xnelk .ixyt`d meniqwnl cr l`ny

i` lawp f`e oeieeiy i`a eze` aivpe dly ilniqwnd jxrd z` zlawn h(n)

exeary n ly jxr miiw m` wxe m` miiwziy cala p dpzynd mr oeieeiy

.C ′(n) > 0
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.h(n) divwpetl meniqwn ytgp

h′(n) = 2n · (1− p)n + n2 · ln(1− p) · (1− p)n = 0 / : (1− p)n

2n+ n2 · ln(1− p) = 0 / : n

2 + n · ln(1− p) = 0

n =
−2

ln(1− p)

:ilaelb meniqwn `ed lawzdy jxrdy d`xp

.zqt`zn zxfbpd day dcewpl l`nyne oinin zxfbpd oniq z` wecap

:zxfbpd divwpet

h′(n) = (1− p)n ·
(
2n+ n2 · ln(1− p)

)
ziaeig zxfbpdy wecape zqt`zn zxfbpd eay jxrdn ohwy n ly jxr gwp

:df jxr xear

−1
ln(1− p)

<
−2

ln(1− p)
:aygp

h′
(

−1
ln(1− p)

)
= (1− p)

−1
ln(1−p)

(
2 · −1

ln(1− p)
+

(
−1

ln(1− p)

)2

· ln(1− p)

)

= (1− p)
−1

ln(1−p)

(
−2

ln(1− p)
+

1

ln(1− p)

)
= (1− p)

−1
ln(1−p)︸ ︷︷ ︸

> 0

· −1
ln(1− p)︸ ︷︷ ︸

> 0

> 0

zxfbpdy wecape zqt`zn zxfbpd eay jxrdn lecby n ly jxr gwp ,sqepa

:df jxr xear zilily

−3
ln(1− p)

>
−2

ln(1− p)
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:aygp

h′
(

−3
ln(1− p)

)
= (1− p)

−3
ln(1−p)

(
2 · −3

ln(1− p)
+

(
−3

ln(1− p)

)2

· ln(1− p)

)

= (1− p)
−3

ln(1−p)

(
−6

ln(1− p)
+

9

ln(1− p)

)
= (1− p)

−3
ln(1−p)︸ ︷︷ ︸

> 0

· 3

ln(1− p)︸ ︷︷ ︸
< 0

< 0

zlawn divwpetdy raep dfne ,zcxei k"g`e dler divwpetdy mircei ep` ,zrk

.zxfbpd zqt`zn da dcewpa ilaelb meniqwn

? oeieey-i`a eplaiwy n-d z` aivp

4

(ln(1− p))2
· (1− p)

−2
ln(1−p) >

1

ln

(
1

1− p

)

4

(ln(1− p))2
· e

−2
ln(1−p)

·ln(1−p) >
1

− ln(1− p)

4

(ln(1− p))2
· e−2 > 1

− ln(1− p)
/ · (ln(1− p) < 0)2

4 · e−2 > − ln(1− p)
−4 · e−2 < ln(1− p)
e−4·e

−2
< 1− p

p < 1− e−4·e−2
=⇒ p < p∗ ≈ 0.418

xnelk ,C ′(n) > 0 :y jk n miiw p < p∗ xy`ky jk ,p ly p∗ ihixw jxr eplaiw

yi `"f .dcewp idyefi`a zqt`zn zxfbpd iyew ly miipiad jxr htyn itl

ik menipin df epze` oiiprny dn) .meniqwn/menipin zeidl zecnreny zcewp

.(ilnpin didi zewicad xtqny dvxp
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:mkqp

:miiwzn p lk xeary eplaiw

limn→0C
′(n) = −∞

limn→∞C
′(n) = 0−

C ′(n) > 0 miiwzn mxeary n ly mikxr yi p < p∗ xear

:dxevdn C ′(n) zxfbpd ly sxbd okl

zxfbpd milecb ce`n mi-n xear ,−∞-l zte`y zxfbpd miphw ce`n mi-n xear

zevgl zaiig okle ziaeig zxfbpd mewn edyfi`ae ililyd oeeikdn 0-l zt`ey

miiwzn mewn edyfi`a xnelk ,miipiad jxr htyn it lr qt`d xiv z`

.C ′(n) = 0

C ′(n) > 0 miiwzn mxeary n ly mikxr oi` p > p∗ xear

oi` okle eze` jzeg `l mrt s`e qt`d xivl zgzn cinz zxfbpd sxb xnelk

:dxevdn C ′(n) zxfbpd sxbe oeviw zcewp
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divwpetd zxev z` wecap C ′(n) divwpetd iabl eplaiwy zepwqnd zxfra

:C(n)

dly sxbde oeviw zecewp C(n)-l oi` o`kn ,zqt`zn `l C ′(n) p > p∗ xear

:zcxei divwpet didi

C ′(n) f` n→ 0 xy`k −∞-l zt`ey C ′(n)-y recie zqt`zn `l zxfbpd m`

C(n) divwpetd okle ilily cinz retiyd xnelk ,n ly jxr lk xear qt`n dphw
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eplaiwy oeeike (0,∞) rhwa zcxei zipehepen divwpet `id

limn→0C(n) =∞
limn→∞C(n) = 1

,xgap dveaw lceb dfi` dpyn `l xnelk ,C(n) < 1 exeary n ly jxr miiw `l

miiwzn cinz ik zewicad zenka oekqigl d`ian `le dliri `l ontxec zhiy

.ilily cinz didi S = 1− C oekqigdy o`kne C(n) > 1

:ze`ad zexevd zyely oian zg` z` lawl leki C(n) ly sxbd p < p∗ xear

.1-n ohwy C(n)-l menipin miiw xnelk 1-l zgzn cxei sxbd I

mxeary mi-n miniiwy oeeik dliri zizveawd dwicad zhiy df dxwna

zenka epkqg xnelk ,iaeig S = 1 − C oekqigdy lawp f`e ,C(n) < 1

.diiqelke`a mc` lkl zil`eciaicpi` dwica znerl zewicad

-i` zeidl aiig ,zewicad zenka oekqig oziy n ly jxr didiy icky oiivp

zxg` ,C(n) = 1 xyil zgzn zcxei divwpetd eay rhwa mly jxr edyf

.zewicad zenka oekqig oziy n dveaw lceb oi`

14



zcewp mb efe zg` dcewpa ea rbepe C(n) = 1 xyid lrn `vnp elek sxbd II

cinz ik dliren `l zizveawd dwicad zhiy dfd dxwna .menipind

.qt`l deey e` ilily didi S = 1−C oekqigdy o`kn C(n) ≥ 1 miiwzn

sqepa .n → ∞ xy`k eil` s`eye C(n) = 1 xyid lrn `vnp elek sxbd III

.C(n) = 1 xyid lrn dly oeviwd zecewp z` zlawn divwpetd

miiwzn cinz ik dliren `l zizveawd dwicad zhiy dfd dxwna mb

.ilily cinz didi oekqigd okle C(n) > 1
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.1-l deey lawzny menipind exeary p ly ihixwd jxrd z` ytgp

C ′(n) = 0 ⇐⇒ − 1

n2
− ln(1− p) · (1− p)n = 0 (1)

C(n) = 1 ⇐⇒ n+ 1

n
− (1− p)n = 1 (2)

.II dxwna mi`vnp epgp` izn miytgn epgp` xnelk

:lawp (1) -n

(1− p)n = − 1

n2 · ln(1− p)
:lawpe (2)-a (1− p)n z` aivp

n+ 1

n
+

1

n2 · ln(1− p)
= 1

n · (n+ 1) · ln(1− p) + 1 = n2 · ln(1− p)
n2 · ln(1− p) + n · ln(1− p) + 1 = n2 · ln(1− p) / : ln(1− p)

n = − 1

ln(1− p)

n∗ = − 1

ln(1− p)
:zihixwd dcewpay eplaiw

16



:(1) -a n∗ z` aivp

− 1
1

(ln(1−p))2
− ln(1− p) · (1− p)−

1
ln(1−p) = 0

−(ln(1− p))2 − ln(1− p) · (1− p)−
1

ln(1−p) = 0 / : − ln(1− p)

ln(1− p) + (1− p)−
1

ln(1−p) = 0

(1− p)−
1

ln(1−p) = − ln(1− p)

(
eln(1−p)

)− 1
ln(1−p) = − ln(1− p)

e−
1

ln(1−p)
·ln(1−p) = ln(1− p)

e−1 = − ln(1− p) =⇒ ln(1− p) = −e−1

1− p = e−
1
e =⇒ p∗∗ = 1− e− 1

e ≈ 0.30779

:y elaiw f`

p < p∗∗ :xear lawzn I sxb

p = p∗∗ :xear lawzn II sxb

p∗∗ < p < p∗ :xear lawzn III sxb

,dliri didz zizveawd dwicad zhiyy ick I sxb ly dxwna zeidl mivex ep`

xy`n zewica xzei rvap zizveawd dwicaa f` 1-n lecb menipind m`y oeeik

zewica zenk dze` mr epx`yp f` 1-l deey `ed m`e zil`eciaicpi`d dwicaa

`le dlired `l zizveawd dwicad zhiy xnelk ,zil`eciaicpi`d dwicaa enk

.dwifd

ynzydl liri `l f` dlgna mirebp diqelke`dn 30.779% n xzei m` ,mekiql

efn dkenp zegiky zelgnd aexl ze`ivnay oaenk ,zizveawd dwicad zhiya

17



.oxear zihpeelx ok dhiyd okle

miniiwnd p ly mipey mikxr xear ely zxfbpd sxbe C(n) sxbd z` hhxyp

.p < p∗∗

ly ekxr z` `iand dveawd lceb xzei lecb p ly ekxry lkky ze`xl ozip

zegiky xy`k xzei dphw dveaw zyxcp ,zxne` z`f .xzei ohw menipinl C

.divi`ehpi`d mr ayiiznd xac ,xzei dlecb dlgnd
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mitxba miriteny p ikxr xear milawznd oekqigd xeriye milnihte`d n ikxr

:d`ad dlaha miriten

19



n - ilnihte`d dveawd lcebl aexiw 2.4

`iany ,ontxec zhiya ilnihte`d dveawd lcebl aexiw `evnl dqpp ,df sirqa

.(ilnipin C-l oiteligl e`) zewicad zenka ilniqwnd oekqigl

edn `evnl mivexe miieqn p ozpiday oeeikn ilnihte`d n-l aexiw `evnl dvxp

:d`ad d`eeynd z` xeztl jixv ilnihte`d n

C ′(n) = − 1

n2
− ln(1− p) · (1− p)n = 0

xzei heyt iehia lawl mivex ep`e zixnep dhiya wx xeztl ozip ef d`eeyn

.n aeyigl

ly xn`na dpey`xl drved ilnihte`d n-l aexiw z`ivnl gztpy dhiya

.[2] Finucan

.dveaw lka zerebpd zeytpd xtqn zlgez `ed p · n :y xikfp

.ohw p xear ilnihte`d n-l aexiw `vnp

.dveawa cg` rebpn xzei oi` :dgpda ynzyp

.ohw p · n f` ik ohw p xy`k dxiaq ef dgpd

zeveawd xtqn okle N · p `ed diqelke`d llk jezn mirebpd miyp`d xtqn

.dveawa cg` rebpn xzei oi`y epgpd ik N · p `ed zerebpd

zeiphxtd zewicad xtqn - N · p · n :lawpe n dveawd lceba N · p z` litkp

.`ad alya

:`ed rvapy llekd zewicad xtqn zlgez okl

N

n︸︷︷︸
zeveawd xtqn

+ N · p · n︸ ︷︷ ︸
zeiphxt zewica xtqn

:mc`l zewicad xtqn okl

C =

N

n
+N · p · n

N
=

1

n
+ p · n

20



.axewn iehia df ik m` ,ixewnd iehiad znerl C(n)-l xzei heyt iehia eplaiw

.menipinl C z` `iany n ly jxrd z` `evnle dfd iehiad z` xefbl lkep

C ′ = − 1

n2
+ p = 0

=⇒ n =
1
√
p

.ilnihte`d dveawd lcebl aexiwd df

:p ly divwpetk C-l iehia lawpe C(n)-a eplaiwy n-d z` aivp

C = 1 +
√
p− (1− p)

1√
p

:aeh n-l eplaiwy aexiwd dnk cr d`xpe `ad sxba opeazp

mikxrd miriten ikp`d xivae p ly mipey mikxr miriten iwte`d xiva

.n ly mini`znd

:d`eeynd ly oexzt i"r ayeg n legkd sxba

C ′(n) = − 1

n2
− ln(1− p) · (1− p)n = 0

:i"r ayeg n mec`d sxba

n =
1
√
p

21



:d`ad dlaha mb n ly milnihte`d mikxrd oia mixrtd z` ze`xl ozip
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zewicad xtqn zebltzd zxiwg 2.5

xtqn zlgez z` aygl lkep ,ilnihte`d dveawd lceb z` ep`vny xg`l

.mincew miwxta bvedy itk zizveawd dwicaa rval yxcpy zewicad

.eplaiwy zewicad xtqn rvennn owzd ziihq idn zrcl dvxp zrk

-azqda ielz zewicad xtqny oeeik zi`xw` `id rval yiy zewicad xtqn

dwica zrvazn rebp mc` `vnp m` .rebp mc` didi znieqn dveaway zex

.zizveawd dwicad wx dwitqn ,rebp `vnp `l m` .dveawd ixag lkl ziphxt

ly zizveawd dwicad zhiya zewicad xtqn z` oiivn -X n"nd z` xicbp

.ontxec

.dleg xgapd mc`dy iekiqd z` oiivn p-e miwcapd xtqn z` oiivn N-y xikfp

.mly
N

n
-y gipp zehytd ornl

P (X = k) =? :aygl xnelk ,X ly zebltzdd z` `evnl dvxp

:y al miyp

.0 `ed lawl leki k-y ilnpind jxrd

dveaw lk xear eay dxwnd edf - N +
N

n
`ed lawl leki k-y ilniqwnd jxrd

wecal jxhvp f`e ,dveawa cg` dleg zegtl yiy xnelk ,ziaeig d`vez lawp

lk xear dwica eprvia mby `vi lkd jq f` .dveawdn cg` lk zil`eciaicpi`

.miwcapd N -n cg` lk zil`eciaicpi` epwca mbe zeveawdn zg`

:mixwn dnka opeazp

`le ,zeveawd xtqn df
N

n
-y oeeik 0 `id X <

N

n
:y jkl zexazqdd I

.zeveawd xtqnn zewica zegt rvapy okzi

lawp dveaw lk xeary zexazqdl deey X =
N

n
:y jkl zexazqdd II

miwcapdN lky zexazqdl deey dfe (mileg da oi`y xnelk) zilily d`vez

(1− p)N :`id zexazqdd xnelk mirebp `l

. k >
N

n
xy`k X = k :y jkl zexazqdd z` aygp III

N
n

:`ed ontxec zhiya mirvany zeizveawd zewicad xtqn
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:xicbp

.zizveawd dwicad zhiya zewicad xtqn z` oiivnd n"n - X

.zeiaeig e`viy zizveawd zewicad xtqn z` oiivnd n"n - Y

Y ∼ B

(
N

n
, p′
)

:xy`k zinepia bltzn Y xnelk

didz dveawdy xnelk ,ccea ilepxa ieqipa "dglvd"l zexazqdd `id p′

.drebp

.ewcapy zeveawd xtqn xnelk ,ervazdy ilepxa iieqip xtqn N
n

.ipyd alya rvapy zewicad xtqn z` oivnd n"n - Z

Z = n · Y

:f`

X =
N

n
+ Z =

N

n
+ n · Y

P (X = k) = P

(
N

n
+ n · Y = k

)
= P

(
n · Y = k − N

n

)
= P

(
Y =

k − N
n

n

)

:`id X ly zebltzddy eplaiw ,mekiql

P (X = k) =


0 k < N

n

P

(
Y =

[
k − N

n

n

])
k ≥ N

n

:X n"nd ly zepeyde zlgezd z` mb aygl lkep

E(X) = E
(
N
n
+ n · Y

)
= N

n
+ n · E(Y ) = N

n
+ n · N

n
· p′ = N

n
+N · p′

= N
n
+N · (1− (1− p)n)

.2.2 sirqa dlawzd xaky d`vez dze`

V (X) = V
(
N
n
+ n · Y

)
= V

(
N
n

)
+ n2 · V (Y ) = n2 · N

n
· p′(1− p′)

= n ·N · (1− (1− p)n) (1− p)n
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:zixtqn dnbec

p =
1

1000
zegiky xeriy mr dlgne N = 100, 000 lceba diqelke` xear

n =
1√
0.001

≈ 32 :`ed ilnihte`d dveawd lceby lawp

:owzd ziihqe zlgezd z` aygp

E(X) =
100, 000

32
+ 100, 000 · (1− (1− 0.001)32) ≈ 6276

σ =
√
V (X) =

√
32 · 100, 000 · (1− (1− 0.001)32) (1− 0.001)32 ≈ 312

zelecb zeiqelke`ay oeeik zilnxep zebltzd i"r inepiad n"nd z` axwl lkep

:lawp ,witqn lecb
N

n
-y lawp

X ∼ N

Nn · p′︸ ︷︷ ︸
µ

,
N

n
· p′(1− p′)︸ ︷︷ ︸

σ2


:geeha didi rvapy zewicad xtqny lawp mixwndn 95%-a okl

[µ− 1.96σ, µ+ 1.96σ]

:`ed lawzny geehd eply dxwna

[6276− 1.96 · 312, 6276 + 1.96 · 312] = [5664.48, 6887.52]
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ontxec zhiy xetiy 2.6

i"r rvapy zewicad xtqn z` oihwdl xnelk ,C ly jxrd z` oihwdl ozip

.ontxec zhiyl siqepy xetiy

. [2] Finucan ly xn`na x`ez df oeirx

mirvane n1 lceba zeveawl diqelke`d ly dwelg mirvan :oey`xd alya

dwica mirvan ontxec itl ,zrk .dveaw lk ly zenibcd zaexrzl dwica

icil `a siqepy xetiyd .zerebp e`vnpy zeveawa zenibcdn zg` lkl ziphxt

x`y z` miryn `vnp `edy rbxa .dveawa `vnp oey`xd rebpdy xg`l iehia

.odly dwicad mr mipiznne cva oze` miny ,dveawd ly zeiphxtd zewicad

x`y z`e oey`xd rebpl ribpy cr zeiphxt zewica rvap ,dveaw lka dyrp jk

.cva miyp rval exzepy zewicad

dwica odl rvape zeveawd lkn epxavy zenibcd z` gwp :ipyd alya

.zilnihte` dxeva xgapy n2 ycg dveaw lceb mr ontxec zhiy itl zizveaw

lkl cg` rebp yi :zxne`d 2.4 sirqn dgpd a gezipd jxevl ynzyp dt mb

.ohw p ly ekxr xnelk ,dveaw lka xzeid

:ef dhiya yeniyl divi`ehpi`e dgpda yeniyl daiqd

dwica rval mivl`p ep` znieqn dveaw xear ziaeig d`vez eplaiwe dcina

miyp`d zenk f` ohw p ly ekxry migipn ep` m` ,dveawa mc` lkl ziphxt

rbxa f` ,dveawa cg` rebp yiy gipp .dphw didz mb dveaw lka mirebpd

rval xzepy zexg`d zeiphxtd zewicad lk dgpdd it lr eze` ep`vny

rebpd z` ep`vny xg`l dl` zewica z` xeavp m` f` ,zeilily z`vl zexen`

iekiqd epxavy zewicad lk lr ontxec zhiy z` lirtpe dveaw lka oey`xd

lecb wlg jeqgp efk dxevae ohw zeycgd zeveawd xear ziaeig d`vez lawpy

.rval jxhvpy zeiphxtd zewicadn
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.C∗(n1, n2) -a epnqp ,lirl x`eznd jildzdn lawzny C z` aygp

cr zeiphxt zewica rvap ziaeig d`vez dveaw xear eplaiw m` lirl xen`k

zewicad xtqny o`kn ,xeavp zewicad x`y z`e oey`xd rebpd z` `vnp xy`

sqepa .dveawa rebpd mewina ielz drebp d`vnpy dveaw lka rvapy zeiphxtd

.xhnxt eze`a ielz ipyd alya rvapy zewicad xtqn mb

xear rvenna rval jxhvp zeiphxt zewica dnk x`znd iehia `evnl dvxp okl

.drebp d`vnpy dveaw

zniieqn dveawa rvapy zewicad xtqn z` oiivnd n"n - X :xicbp jk myl

.drebp d`vnpy dveawa rebpd ly mewnd oiteligl e` ,drebp d`vnpy

deeye reaw `ed x-d mewna didi `edy iekiqd dveawa cg` rebp yiy dgpda

.
1

n1

-l

:drebp d`vnpy zniieqn dveawa rvapy zewicad xtqn ly zlgezd z` aygp

E(X) = 1 · 1
n1

+ 2 · 1
n1

+ 3 · 1
n1

+ · · ·+ n1 ·
1

n1

=

n1∑
i=1

i · 1
n1

=
1

n1

(n1 + 1)n1

2

E(X) =
n1 + 1

2

zniieqn dveaw xear zeiphxtd zewicad zxcqa wcapd mewin z` oiivn i

mc`dy zexazqda militkn ixyt` mewin lke ,drebp d`vnpy n1 lceba

.rebpd `ed df mewina `vnpy

.dveaw lka rvenna dyrpy zewicad xtqn - E(X) z` milawn ef dxeva

C∗ z` aygl lkep zrk

C∗(n1, n2) =

oey`xd alya dyrpy zewicad xtqn︷ ︸︸ ︷
N

n1︸︷︷︸
zeveawd xtqn

+ N · p︸ ︷︷ ︸
zerebpd zeveawd xtqn

· n1 + 1

2︸ ︷︷ ︸
E(X)

+

ipyd alya dyrpy zewicad xtqn︷ ︸︸ ︷
N ′

n2

+N ′ · p · n2

.zerebpd zeveawd lkn mixaevy miyp`d xtqnl deey N ′ xy`k

N ′ = N · p · n1︸ ︷︷ ︸
zerebpd zeveawa miyp`d lk

− N · p · n1 + 1

2︸ ︷︷ ︸
ewcap xaky zerebpd zeveawdn miyp`d

= N · p · n1 − 1

2

:C∗ ly iehiaa N ′ z` aivp

C∗(n1, n2) =
N

n1

+N · p · n1 + 1

2
+
N · p
n2

· n1 − 1

2
+N · p2 · n1 − 1

2
· n2
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ly jxrl miiehia `evnl dvxp xnelk ,C∗(n1, n2) -l menipin `evnl dvxp zrk

itl divwpetd z` xefbp jk myl .ilnipin zewica xtqn lawp mxeary n2-e ,n1

,n1 z` lawpy ze`eeynd zkxrn jezn cceape ,0-l deeype mipzyndn cg` lk

.n2-e

qt`l deeype n1 itl xefbp

∂C∗
∂n1

= −N
n2
1

+
N · p
2

+
N · p
2n2

+
N · n2 · p2

2
= 0

2

n2
1

= p+
p

n2

+ n2 · p2

n2
1 =

2

p+ p
n2

+ n2 · p2

n1 =

√
2n2

n2 · p+ p+ n2
2 · p2

qt`l deeype n2 itl xefbp

∂C∗
∂n2

= −N · p
n2
2

· n1 − 1

2
+N · p2 · n1 − 1

2
= 0

−(n1 − 1)

n2
2

+ p · (n1 − 1) = 0

p · n2
2 · (n1 − 1) = n1 − 1

p · n2 = 1

n∗2 =
1
√
p

:lawpe n1-l eplaiwy iehiaa n∗2 z` aivp

n∗1 =

√
2

p+ 2p
√
p

:ilnihte`d C∗-l iehia lawpe C∗-a dxfg n∗1, n
∗
2 z` aivp

C∗ = N ·
√
p+ 2p

√
p

2
+
N · p
2
·

(√
2

p+ 2p
√
p
+ 1

)
+N ·p·√p

(√
2

p+ 2p
√
p
− 1

)
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i"r zxteynd ontxec zhiyl dlibxd ontxec zhiya yeniy oia deeyp zrk

p = 0.01 `id diqelke`a dlgnd zegikyy gipp :zixtqn dnbec

:dlibxd ontxec zhiy it lr aeyig

n aexiwl eplaiwy dgqepd it lr n z` aygp dligz

n =
1
√
p
=

1√
0.01

= 10

mc`l zewicad xtqn zlgez z` aygp zrk

C =
1
N
+N · p · n
N

=
1

n
+ p · n =

1

10
+ 0.01 · 10 = 0.2

:dycgd dhiyd it lr aeyig

:elawzdy ze`gqepd it lr miilnihte`d n2-e n1 zeveawd ilcb z` aygp

n∗1 = 12.9 ≈ 13

n∗2 = 10

mc`l zewicad xtqn zlgez z` aygp zrk

C∗(n1, n2)

N
=

1

n1

+ p · n1 + 1

2
+

p

n2

· n1 − 1

2
+ p2 · n1 − 1

2
· n2

C∗(13, 10)

N
=

1

13
+ 0.01 · 14

2
+

0.01

10
· 12
2

+ 0.012 · 12
2
· 10 = 0.1589

.20% ly xetiy ,0.0411 a rvapy zewicad zenk zlgez z` ephwd
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ireaix jxrn zhiy 3

dhiyd xe`z 3.1

mizirl mc zenibc ,dcarna .[3] Phatarfod ly xn`na dpey`xl drved ef dhiy

.dfd xcqd z` zlvpn ireaix jxrn zhiye (n×n) raexn ybna zegpen zeaexw

xacd eze` ,zwcap odn zg` lky zenibc zaexrz zxvei zexeyd n-n zg` lk

day znev lk xear ziphxt dwica mirvan okn xg`l .zecenrd n-l mb miyer

zizveawd dwicaa mbe dxeyd ly zizveawd dwicaa mb ziaeig d`vez eplaiw

.dcenrd ly

.[3] Phatarfod ly xn`na drvede SA1 z`xwp ef dhiy

:`ad xei`a z`f yignp

zepneqnd dxeyde dcenrd ,dpey mc znibc reaix lka eae ybn x`ezn xei`a

.ziaeig d`vez d`vnp oxeary zeveaw od mec`a

cg` rebp yiye zilily d`vez dlawzd zeveawd x`yay xaqdd jxevl gipp

.(3-a zpneqnd zneva `vnp) dveawa

dlawzdy dcenrae zilily d`vez da dlawzdy dxeya `vnp mieqn znev m`

.rebp epi` df znevy oaenk f` ,(xei`a 1 xtqn znev lynl) zilily d`vez da

dlawzdy dcenrae ziaeig d`vez da dlawzdy dxeya `vnp mieqn znev m`

rbep `l df znev gxkda f` ,(xei`a 2 xtqn znev lynl) zilily d`vez da

z` "mdfn" did `ed f` rebp did `ed m` ik ,ziphxt dwica el rval jixv `le

.`vnp `ed eay dcenrd ly mcd zenibc zaexrz

lynl) zeiaeig ze`vez oda elawzdy dcenrae dxeya `vnp mieqn znev m`

30



dwica rval jixv z`f wecal icke rebp `ede okzi f` (xei`a 3 xtqn znev

.df znevl ziphxt

lk ly mcd zenibc mr zaaxern df znev ly mcd znibce rebp ok` znevd m`

eze` .drebp didz gxkda dveawd ly mcd zenibc zaexrz mb ,dxeyl eixag

.`vnp df znev day dcenrl mb xacd

zaexrza `vnp `ed oda zeveawd izya dxwnae rebp epi` df znevy mb okzi

.(lirly xei`a ixyt` epi` dxwn) .rebp xg` dveaw xag yi (dcenre dxey)

dcenre dxey ly zealhvda `vnpy inl wx zrvazn ziphxtd dwicad ,mekiql

.rebp zeidl "cnren" dfk znev wx ik ,ziaeig d`vez dlawzd oday

.SA1 zhiya ietvd llekd zewicad xtqn - TSA1 z` aygp

:xicbp dligz

.SA1 zhiya rval jxhvpy llekd zewicad xtqn z` oivnd n"n - X

ziaeig i dxeyy rxe`nd - Ri

ziaeig j dcenry rxe`nd - Cj

i, j = 1, 2, . . . n

:`ad xehwicpi`d dpzyn z` mb xicbp

Ii,j =

 1 Ri ∩ Cj
0 zxg`

e`vi j-d dcenrd ly dwicad mbe i-d dxeyd ly dwicad mby oiivn - Ri ∩Cj
.zeiaeig

:didi rval jxhvpy zewicad xtqn f`

X = 2n+
n∑
i=1

n∑
j=1

Ii,j

lkd jq ,zecenrd n-le zexeyd n-l zeizveaw zewica mirvan dligz ,xnelk

dxeya ziaeig d`vez eplaiw mxeary mixwnd xtqn z` mitiqene .zewica 2n

.ziphxt dwica aey rval jxhvp mdl ik dcenrae
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:rval jxhvpy zewicad xtqn zlgez z` aygp

E(X) = E

(
2n+

n∑
i=1

n∑
j=1

Ii,j

)
= E(2n)+E

(
n∑
i=1

n∑
j=1

Ii,j

)
= 2n+

n∑
i=1

n∑
j=1

E(Ii,j)

: miniieqn Ii,j xear

E(Ii,j) = 1 · P (Ii,j = 1) + 0 · P (Ii,j = 0) = P (Ii,j = 1)

:lawpe zlgezd ly iehiaa aivp

E(X) = 2n+
n∑
i=1

n∑
j=1

P (Ii,j = 1)

:`ed zeyxcpd zewicad ly ietvd llekd xtqnd f`

TSA1 = 2n+
n∑
i=1

n∑
j=1

P (Ri ∩ Cj)

dwicad mbe i-d dxeyd ly dwicad mby zexazqdd z` oiivn - P (Ri ∩ Cj)
.zeiaeig e`vi j-d dcenrd ly

P (Ri ∩ Cj) = 1− P ((Ri ∩ Cj)c) = 1− P (Rc
i ∪ Cc

j )

j-d dcenrd ly dwicad e` i-d dxeyd ly dwicady zexazqdd - P (Rc
i ∪Cc

i )

.(mdipy e`) zilily

:dcxtdde dlkdd oexwr itl

P (Rc
i ∪ Cc

j ) = P (Rc
i )︸ ︷︷ ︸

miilily dxeyd ixai` lk

+ P (Rc
j)︸ ︷︷ ︸

miilily dcenrd ixai` lk

− P (Rc
i ∩ Cc

j )︸ ︷︷ ︸
miinrt extqpy mixwn zxqgd

= qn + qn + q2n−1

:lawp okl

P (Ri ∩ Cj) = 1− P (Rc
i ∪ Cc

j ) = 1− 2qn + q2n−1

:lawpe TSA1 ly iehiaa lawzdy dn z` aivp

TSA1 = 2n+
n∑
i=1

n∑
j=1

(1− 2qn + q2n−1) = 2n+ n2 · (1− 2qn + q2n−1)
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:mc`l ietvd zewicad xtqn z` aygp

CSA1(n) =
TSA1

n2
=

2

n
+ 1− 2(1− p)n + (1− p)2n−1

yi dliri zizveawd dwicad zhiy exear ilnihte`d n-d z` `evnl zpn lr

.qt`l dze` zeeydle dlawzdy divwpetd z` xefbl

C ′SA1(n) = −
2

n2
− 2 · ln(1− p) · (1− p)n + 2 · ln(1− p) · (1− p)2n−1 = 0

.zihilp` xeztl ozip `l ef d`eeyn

p ly mipey mikxr xear zxfbpd sxb z`e CSA1 ly sxbd z` hhxyp
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zcewp zniiwe x-d xiv z` jzeg zxfbpd sxby ze`xl ozip mihehxyd it lr

zcewpy o`kn ,CSA1 = 1 xyil zgzn z`vnp ef dcewp ,sqepa .menipin

dwicad zhiya zewicad zenka oekqig lawp xnelk ,zihpeelx `id menipind

.zizveawd

oziy n - dveawd lcebd z` `evnl lkep C ′SA1 = 0 d`eeynd ly ixnep oexzt i"r

.CSA1 zewicad xtqn zlgez ly ilnpind jxrd z` epl
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SA1 zhiyl ontxec zhiy oia d`eeyd 3.2

zg` lka ynzydl sicr izn SA1 zhiyl ontxec zhiy oia d`eeyd rvap

.zehiydn

:ze`ad ze`lahd izy elawzd Matlab-a miaeyig i"r
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ici lr n ly ilnihte`d jxrd ly aeyig rvea p ly jxr lk xear SA1 zhiya *

.C ′SA1 = 0 d`eeynd ly ixnep oexzt

lkke ontxec zhiy lr dticr SA1 zhiy p < 0.125 xeary dlahdn ze`xl ozip

.xzei lecb SA1 zhiya oekqigd xzei ohw p-y

`l C ly mikxrd dlaha) zehiyd izy xear C eze` lawzn p = 0.125 xear

.(lbern n mr ayeg `ed ik wiecn mieey

oekqigd xzei lecb p-y lkke SA1 zhiy lr dticr ontxec zhiy p > 0.125 xear

.xzei lecb ontxec zhiya

xzei da rvap xnelk ,llk dliri `l SA1 zhiye ilily oekqigd p = 0.25-n lgd

.diqelke`dn mc` lkl ziphxt dwica rvap m` xy`n zewica

:`ad sxba mb dl`d ze`vezd z` ze`xl ozip
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zepwqne mekiq 4

.zizveawd dwical ontxec ly ziqiqad dhiyd z` epbvd dligz

zegikya dielzd mc`l zewicad xtqn zlgez - C(n) xear dgqepd z` epbvd

.n - dveawd lcebae p- dlgnd

ekqgpy zewicad zenk z` aygle n dveaw lceb xegal ozip ,mieqn p ozpda

S = 1− C :diqelke`d lk ly ziphxt dwical ziqgi

edn `evnl zpn lr divwpetd z` epxwg C(n)-l dgqepd z` eplaiwy xg`l

,menipinl C z` `iand mieqn p ozpda xegal yiy ilnihte`d dveawd lceb

.ilniqwnd oekqigd z` lawp jkn d`vezke zewica zegty dnk rvapy xnelk

:y jk ihixw p∗ = 0.148 eplaiw ,dfk menipin miiw cinzy ep`vn

dlek z`vnpe zcxei zipehepen C(n) divwpetd ,menipin miiw `l p > p∗ xear

ontxec zhiy df dxwna okl .ilily oekqig lawzn xnelk ,C(n) = 1 xyil lrn

.xgapy dveaw lceb lkl dliri `l

dliri didz `id ,dliri gxkda `l ontxec zhiy la` menipin miiw p < p∗ xear

p∗∗ = 0.30779 ep`vn .C(n) = 1 xyil zgzn zlawzn menipind zcewp m` wx

:y jk ,ihixw

xyil lrn lawzn menipind ik llk dliri `l ontxec zhiy p∗∗ < p < p∗ xear

.C(n) = 1

.C(n) = 1 xyid lr lawzn menipind ik qt`l deey oekqigd p = p∗∗ xear

xtqna oekqig yi okl ,C(n) = 1 xyil zgzn lawzn menipind p < p∗∗ xeare

.dliri zizveawd dwicad zhiye rvapy zewicad

aexl ze`ivna ,dlgnl ddeab ce`n zegiky `id p∗∗ = 0.30779 zegiky

.dliri ontxec zhiy mixwnd aexay jk zekenp xzei daxd zeiegikyd

ilnihte`d dveawd lceb ,xzei lecb p ly ekxry lkky dpwqnl eprbd ,sqepa

ce`n iekiqd ,dlecb zegikyd xy`k dlecb dveaw gwp m`y oeeik ,xzei ohw

-hxt dwica olekl rval jxhvp f`e zerebp olek e` zeveawd aexy lawpy lecb

.zewicad zenk z` eplcbdy okzi s`e melk epkqg `ly lawp jkn d`vezke ,zip
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axwl jxc epbvd ,zixnep dhiya wx xeztl ozip C ′(n) = 0 d`eeynd z`y oeeik

zexidna ilnihte`d n z` aygl lkep ef dxeva .n ly ilnihte`d jxrd z`

.n = 1√
p
ici lr mieqn p ozpida .zelwae

.p < p∗∗ ihpeelxd geeha p ly mikxr xear aeh ce`n df aexiwy epi`x

zepeye zewicad xtqn zlgez z` ep`vn ,bltzn zewicad xtqn ji` epxwg

p ozpida efk dxeva .owzd ziihq z` epayig dzervn`ay zewicad xtqn

rval jxhvp zewica dnk aygl lkep ,ilnihte`d n z` aygpy xg`le mieqn

dpini rvenndn dhqpy okzi dnk xnelk ,lawzdl dlekiy d`ibyd dne rvenna

zpzep dhiyd zei`xw`d zexnl m`d hilgdl lkep df zervn`a .dl`ny e`

.rvapy zewicad xtqna oekqig

xtqna xzei lecb oekqig zzl lekiy ontxec ly ziqiqad dhiyl xetiy epbvd

`"f .ziqiqad zhiyl aly cer eptqedy jka `hazn xetiyd .rvapy zewicad

la` zizveaw dwica mirvane zeveawl dwelg oiicr mirvan oey`xd alya

-hxt dwica mirvan `l` dlibx ziphxt dwica mirvan `l zerebpd zeveawl

sxvp wecal epwtqd `ly dveawd ixag x`y z`e oey`xd rebpa lwzpy cr zip

"diqelke`"d lr rvap ipyd alya .wecal epwtqd `ly zexg`d zeveawd ixagl

mr ziqiqad ontxec zhiy itl dwica dlawzdy dycgd

.mi`zn dveaw lceb

lry `"f ,xzei s`e mialy drax` e` dyelyl df xetiy aigxdl mb ozip

`le zxteynd dhiyd z` aey lirtp ipyd alya dlawzdy dycgd diqelke`d

.ziqiqad ontxec zhiy z`

-ica ef dhiya .ontxec zhiy lr zqqaznd ireaix jxrn zhiy z` epbvd

levip jez ontxec zhiya miynzyne (n × n) raexn ybna ze`vnp mcd zew

lkle dveawk dxey lkle dcenr lkl miqgiizn ,xnelk .ybna zenibcd xcq

ybna z`vnpy znieqn dnibc xear m` .mc zwica mirvan zeveawdn zg`

d`vi dly dcenrd ly dwicad mbe ziaeig d`vi dly dxeyd ly dwicad mb

.ziphxt dwica dl mirvane drebpk dceyg efd mcd znibc ziaeig

zxfbpd z` epayige TSA1 - rvapy zewicad xtqn zlgez z` ef dhiyl epayig
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miiwy epi`x ,p ly mipey mikxr xear mdly mihehxya eppeazde df iehia ly

.iaeig oekqig zpzep efd menipind zcewpe el` mi-p xear menipin

miiwy epi`xe ireaix jxrn zhiyl ziqiqad ontxec zhiy oia epeeyd sqepa

:y jk p = 0.125

oekqigd xzei ohw p-y lkke ontxec zhiy lr dticr SA1 zhiy p < 0.125 xear

.xzei lecb SA1 zhiya

oekqigd xzei lecb p-y lkke SA1 zhiy lr dticr ontxec zhiy p > 0.125 xear

.xzei lecb ontxec zhiya

.ontxec zhiya yeniyl zetqep zeivix`ee oeebn yi ireaix jxrn zhiy caln

:zizveawd dwicad zhiya miyeniyl ze`nbec

i`wixn`d mec`d alvd ,qcii`d zlgn zehytzd z` repnl zpn lr .1

df mlera miipr mixef`a la` ,mcd inxezd lk ly mnc z` wecal lgd

.mlekl dwica zekxr yekxl ick sqk witqn oi`y oeeik ,ixyt` did `l

.zeipqxd od okn d`vezk zeiyep`d zeklydd

egzit oiie qpxel xeqtext mr cgie jka oiiprzd qe`ipf qepthq xeqtext

ly zeveaw ly zwica i"r ,xzei lef xigna dwica rval zwiiecn jxc

.mc zenibc

f` ,zilily d`vezde zenibc 10 ly dveawl dwica mirvan lynl m`

ziphxt dwicaa jxev yi ,ziaeig d`vezd m` .zenibc 9 ly zelr dkqgp

.dveawa mcd zenibcn zg` lkl

mxeby qexied zwica la` ycg did `l mc zenibc cegi` ly dfd oeirxd

.jaeqn xzei zvwl oiiprd z` zkted qcii`l

jixv ,heyt jildza rvazn `l df HIV -l mc zwica mirvan xy`k

dl` minifp` .minifp` mitiqen f`e zglva mcd znibc z` xi`ydl

fekix z` miraew lawzny ravd it lr ,wcapy mcd rav lr mirityn

.HIV -a rebp mc`d ihixwd sqd lr dler d`vezd m` .HIV-l mipcbepd

dlecb `id mcd zenk ,mc zenibc xtqn miaaxrn xy`ky `id dirad

.dwicad z`vez z` yayle mipcbepd z` llcl dlekie ce`n
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`ly jk ilnihte`d dveawd lceb edn raewd lcen epa oiiee qepi`f jk myl

dnibc llcl jixv dnk raew df lcen xnelk ,dwicad z`vez z` dpyi

p mdipiae miniieqn mixhnxt zwica i"r dieby d`vez lawl ick drebp

.diqelke`a dlgnd zegiky -

zhiy zervn`ae cgi zepey zetexz xtqn miaaxrn ,zetexz ielib .2

zeaekxzd oia mihbxpiq miqgi yi m`d miwcea zizveawd dwicad

xwgn zervn`a wx zelbl ozip zetexz oia mihbxpiq miqgi .zepeyd

-xveie cgi zetexz xtqn miaaxrn okl .cgi zetexz xtqn miaaxrn eay

xtqna zcner `id m` miwcea ,zaekxz miwceay mrt lka .zaekxz mi

.zeyixc

drebp dveawl liawn) dliaen zaekxz z`xwp efd zaekxzd ,ok m`

-xzd oia miqgid z` wecal jiynp df dxwnae (mcd zewica ly xywda

.zaekxzd z` zeaikxnd zete

.zaekxzd z` zeaikxnd zetexzd oia miqgid z` wecal jiynp `l ,zxg`

zlihp aeliyy `"f ,zeyw zelgna mialeyn miletih zelbl ozip ef jxca

.daeh xzei dxeva dlgna lthl leki zepey zetexz xtqn

.mia`yna oekqigle xeaivd ze`ixal dwihnznd ly dznexz z` hwiexta epi`x

epynzyd mc`l zewicad xtqn zlgez z` `hand ihnznd iehiad gezit jxevl

.zexazqdn milka

xetiyl d`iand dhiy lawl epglvd ok` m`d dwicae iehiad zxiwg jxevl

,zixnep dfilp` ,ilniqhipitpi` oeaygn milka epynzyd miiwd avnd

.divfnihte`e

aexl .minegz oeebna zeyep`l zeax znxez dwihnznd ,illk ote`a

.jkl mircen `l miyp` daxdy jk "mirlwd ixge`n" zrvazn efd dnexzd

df hwiexta f` "?iyeniy df dnl ?ziyeniy dwihnzn dnl" izl`yp mrt `l

.dwihnznd ly miax ipin cg` yeniy izbvd
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migtqp 5

:Matlab -a mitxbd hehxyl eyniyy zeipkez

:mieqn p xear C(n) sxb hehxy

:mieqn p xear C ′(n) sxb hehxy
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:mipey mi-p xear C ′(n) -e C(n) sxb hehxy

oial C ′(n) = 0 d`eeynd ly ixnep oexztn lawznd n oia deeynd sxb hehxy

: axewnd n
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:mieqn p xear T ′SA1 -e TSA1 sxb hehxy

:ireaix jxrn zhiyl ontxec zhiy oia deeynd sxb hehxy
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:zehiyd izyn milawznd mikxrd z` deeynd dlah zxivi
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