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Abstract 

  

𝐼𝑛 𝑡h𝑖𝑠 𝑎𝑟𝑡𝑖𝑐𝑙𝑒,  𝑤𝑒′𝑙𝑙 𝑑𝑖𝑠𝑐𝑢𝑠𝑠 𝑇h𝑒 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑀𝑒𝑡h𝑜𝑑,  𝑠𝑜𝑚𝑒 𝑜𝑓 𝑖𝑡′𝑠 h𝑖𝑠𝑡𝑜𝑟𝑦,  𝑎𝑛𝑑 𝑖𝑡′𝑠 𝑎𝑝𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠.   

𝑊𝑒′𝑙𝑙 𝑏𝑒 𝑠𝑒𝑒𝑖𝑛𝑔 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠 𝑜𝑓 h𝑜𝑤 𝑡h𝑒 𝑀𝑒𝑡h𝑜𝑑 𝑤𝑜𝑟𝑘𝑠,  𝑎𝑛𝑑 𝑤𝑒′𝑙𝑙 𝑎𝑙𝑠𝑜 𝑠h𝑜𝑤 𝑠𝑜𝑚𝑒 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡h𝑖𝑠 

 𝑚𝑒𝑡h𝑜𝑑 𝑡h𝑎𝑡 𝑐𝑎𝑛 𝑏𝑒 𝑣𝑒𝑟𝑦 𝑢𝑠𝑒𝑓𝑢𝑙,  𝑖𝑛 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑐𝑎𝑠𝑒𝑠. 

  

𝑊𝑒′𝑙𝑙 𝑎𝑙𝑠𝑜 𝑠𝑒𝑒 𝑠𝑜𝑚𝑒 𝑎𝑝𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡h𝑖𝑠 𝑚𝑒𝑡h𝑜𝑑,  𝑖𝑛𝑐𝑙𝑢𝑑𝑖𝑛𝑔 𝑓𝑖𝑛𝑑𝑖𝑛𝑔 𝑀𝑎𝑔𝑖𝑐 𝑆𝑞𝑢𝑎𝑟𝑒𝑠,  𝑠𝑜𝑙𝑣𝑖𝑛𝑔 𝑆𝑢𝑑𝑜𝑘𝑢 𝑟𝑖𝑑𝑑𝑙𝑒𝑠, 

𝑠𝑜𝑙𝑣𝑖𝑛𝑔 𝑁𝑜𝑛𝑜𝑔𝑟𝑎𝑚𝑠,  𝑎𝑛𝑑 𝑚𝑎𝑛𝑦 𝑚𝑜𝑟𝑒 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠 𝑖𝑛 𝑚𝑎𝑡h. 

  

𝐹𝑖𝑟𝑠𝑡 𝑤𝑒′𝑙𝑙 𝑠𝑡𝑎𝑟𝑡 𝑤𝑖𝑡h 𝑠𝑜𝑚𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛𝑠 𝑎𝑛𝑑 𝑡h𝑒𝑜𝑟𝑒𝑚𝑠,  𝑡h𝑎𝑡 𝑎𝑟𝑒 𝑡h𝑒 𝑏𝑎𝑠𝑖𝑠 𝑎𝑛𝑑 𝑡h𝑒 𝑓𝑟𝑎𝑚𝑒𝑤𝑜𝑟𝑘 𝑡h𝑎𝑡 𝑤𝑒 𝑙𝑎𝑦 𝑜𝑢𝑟 

 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑜𝑛. 

𝑇h𝑒𝑛 𝐼 𝑤𝑖𝑙𝑙 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒 𝑡h𝑒 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚,  𝑔𝑖𝑣𝑖𝑛𝑔 𝑎 𝑏𝑟𝑖𝑒𝑓 𝑠𝑢𝑚𝑚𝑎𝑟𝑦 𝑜𝑓 𝑤h𝑎𝑡 𝑖𝑠 𝑡h𝑒 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑  

𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚,  𝑖𝑡′𝑠 h𝑖𝑠𝑡𝑜𝑟𝑦,  𝑡h𝑒 𝑖𝑑𝑒𝑎 𝑏𝑒h𝑖𝑛𝑑 𝑖𝑡,  𝑠𝑜𝑚𝑒 𝑜𝑓 𝑖𝑡′𝑠 𝑎𝑝𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠,  𝑎𝑛𝑑 𝑎𝑙𝑠𝑜 𝑖𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒 𝑖𝑡′𝑠 𝑙𝑖𝑚𝑖𝑡𝑎𝑡𝑖𝑜𝑛𝑠. 

  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

1.Preliminaries 

 

 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟏 − 𝑪𝒐𝒏𝒗𝒆𝒙 𝑺𝒆𝒕 

𝐿𝑒𝑡 𝐻 𝑏𝑒 𝑎 𝑣𝑒𝑐𝑡𝑜𝑟 𝑠𝑝𝑎𝑐𝑒 𝑎𝑛𝑑 𝑙𝑒𝑡 𝐶 ⊆ 𝐻.  𝑊𝑒 𝑠𝑎𝑦 𝑡h𝑎𝑡 𝐶 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑥 𝑖𝑓 : 

∀ 𝑐 ∈ 𝐶,   

𝜆𝑐 + (1 − 𝜆)𝑐 ∈ 𝐶  ∀𝜆 ∈ [0,1]. 

𝐼𝑛 𝑎𝑛𝑜𝑡h𝑒𝑟 𝑤𝑜𝑟𝑑𝑠,  𝑜𝑛𝑒 𝑐𝑜𝑢𝑙𝑑 𝑠𝑎𝑦 𝑡h𝑎𝑡 𝑎 𝑠𝑒𝑡 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑥,  𝑖𝑓 𝑒𝑣𝑒𝑟𝑦 𝑠𝑒𝑡 𝑜𝑓 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑛 𝑡h𝑒 𝑙𝑖𝑛𝑒 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑛𝑔 𝑡𝑤𝑜 

𝑝𝑜𝑖𝑛𝑡𝑠 𝑡h𝑎𝑡 𝑎𝑟𝑒 𝑖𝑛 𝑡h𝑒 𝑠𝑒𝑡 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑖𝑛 𝑡h𝑒 𝑠𝑒𝑡.   

 

 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐 − 𝑪𝒍𝒐𝒔𝒆𝒔𝒕 𝑷𝒐𝒊𝒏𝒕 𝑷𝒓𝒐𝒋𝒆𝒄𝒕𝒊𝒐𝒏  

𝐿𝑒𝑡 𝐶 ⊂ ℝ𝑚 𝑏𝑒 𝑠𝑜𝑚𝑒 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡. 

𝑇h𝑒 𝑐𝑙𝑜𝑠𝑒𝑠𝑡 𝑝𝑜𝑖𝑛𝑡 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝐶 𝑖𝑠 𝑎 𝑠𝑒𝑡 𝑣𝑎𝑙𝑢𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑃𝐶: ℝ
𝑚 →

𝐶,  𝑤h𝑖𝑐h 𝑎𝑠𝑠𝑖𝑔𝑛𝑠 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑥 ∈ ℝ𝑚   

𝑎 𝑝𝑜𝑖𝑛𝑡 𝑖𝑛 𝐶,  𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝑃𝐶(𝑥),  𝑎𝑛𝑑 𝑖𝑠 𝑐h𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑧𝑒𝑑 𝑏𝑦: 

𝑃𝐶(𝑥) ≔ {𝑧 ∈ 𝐶: ||𝑥 − 𝑧|| = inf
𝑐∈𝐶
||𝑥 − 𝑐||} 

 

 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟑 − 𝑹𝒆𝒇𝒍𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂 𝑷𝒐𝒊𝒏𝒕 

𝑇h𝑒 𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑜𝑖𝑛𝑡 𝑥 𝑖𝑛 𝑡h𝑒 𝑠𝑒𝑡 𝐶 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑎 𝑠𝑒𝑡 − 𝑣𝑎𝑙𝑢𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑅𝐶: ℝ
𝑚 → 𝐶  

𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦: 

𝑅𝐶(𝑥) = 2 ∗ 𝑃𝐶(𝑥) − 𝑥 

 



 
 

𝟐.  𝑰𝒏𝒕𝒓𝒐𝒅𝒖𝒄𝒕𝒊𝒐𝒏 − 𝑻𝒉𝒆 𝑫𝒐𝒖𝒈𝒍𝒂𝒔 𝑹𝒂𝒄𝒉𝒇𝒐𝒓𝒅 𝑴𝒆𝒕𝒉𝒐𝒅  

 

𝑯𝒊𝒔𝒕𝒐𝒓𝒚  

𝑇h𝑒 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 − 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚,  𝑤h𝑖𝑐h 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑘𝑛𝑜𝑤𝑛 𝑎𝑠 𝑡h𝑒 𝑃𝑒𝑎𝑐𝑒𝑚𝑎𝑛 − 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑  

𝑠𝑝𝑙𝑖𝑡𝑡𝑖𝑛𝑔 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑜𝑟 𝑡h𝑒 𝐹𝑜𝑟𝑤𝑎𝑟𝑑 − 𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚,  𝑖𝑠 𝑎𝑛 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑣𝑒 𝑚𝑒𝑡h𝑜𝑑  

𝑓𝑜𝑟 𝑠𝑜𝑙𝑣𝑖𝑛𝑔 𝑐𝑜𝑛𝑣𝑒𝑥 𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠.    

𝑇h𝑒 𝑚𝑒𝑡h𝑜𝑑 𝑤𝑎𝑠 𝑓𝑖𝑟𝑠𝑡 𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑 𝑏𝑦 𝑅.  𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑎𝑛𝑑 𝐻.  𝐻.   𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑖𝑛 1956 𝑡𝑜 𝑠𝑜𝑙𝑣𝑒 𝑝𝑎𝑟𝑡𝑖𝑎𝑙   

𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠,  𝑎𝑛𝑑 𝑙𝑎𝑡𝑒𝑟 𝑖𝑡 𝑤𝑎𝑠 𝑟𝑒𝑑𝑖𝑠𝑐𝑜𝑣𝑒𝑟𝑒𝑑 𝑎𝑛𝑑 𝑝𝑜𝑝𝑢𝑙𝑎𝑟𝑖𝑧𝑒𝑑 𝑖𝑛 𝑡h𝑒 𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛  

𝑐𝑜𝑚𝑚𝑢𝑛𝑖𝑡𝑦 𝑖𝑛 𝑡h𝑒 1970𝑠 𝑎𝑛𝑑 80𝑠,  𝑎𝑛𝑑 𝑖𝑠 𝑠𝑡𝑖𝑙𝑙 𝑢𝑠𝑒𝑑 𝑡𝑜 𝑔𝑟𝑒𝑎𝑡 𝑠𝑢𝑐𝑐𝑒𝑠𝑠 𝑡𝑜 𝑡h𝑖𝑠 𝑑𝑎𝑦.  

  

𝑰𝒅𝒆𝒂   

𝑇h𝑒 𝑖𝑑𝑒𝑎 𝑜𝑓 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑖𝑠 𝑡𝑜 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑠𝑜𝑙𝑣𝑒 𝑡𝑤𝑜 𝑠𝑖𝑚𝑝𝑙𝑒𝑟 𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑠𝑢𝑏𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠,  

𝑤h𝑖𝑐h 𝑎𝑟𝑒 𝑡𝑦𝑝𝑖𝑐𝑎𝑙𝑙𝑦 𝑒𝑎𝑠𝑖𝑒𝑟 𝑡𝑜 𝑠𝑜𝑙𝑣𝑒 𝑡h𝑎𝑛 𝑡h𝑒 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑝𝑟𝑜𝑏𝑙𝑒𝑚.    

  

𝑨𝒑𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏𝒔   

𝑇h𝑒 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 − 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 h𝑎𝑠 𝑎 𝑤𝑖𝑑𝑒 𝑟𝑎𝑛𝑔𝑒 𝑜𝑓 𝑎𝑝𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠 𝑖𝑛 𝑚𝑎𝑛𝑦 𝑓𝑖𝑒𝑙𝑑𝑠,  

𝐼𝑛𝑐𝑙𝑢𝑑𝑖𝑛𝑔 𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑜𝑟𝑖𝑎𝑙 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠 𝑠𝑢𝑐h 𝑎𝑠 𝑀𝑎𝑔𝑖𝑐 𝑆𝑞𝑢𝑎𝑟𝑒𝑠,  𝑆𝑢𝑑𝑜𝑘𝑢,  𝑁𝑜𝑛𝑜𝑔𝑟𝑎𝑚𝑠,    

𝑎𝑙𝑠𝑜 𝑆𝑖𝑔𝑛𝑎𝑙 𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑖𝑛𝑔,  𝑖𝑚𝑎𝑔𝑒 𝑎𝑛𝑎𝑙𝑦𝑠𝑖𝑠,  𝑚𝑎𝑐h𝑖𝑛𝑒 𝑙𝑒𝑎𝑟𝑛𝑖𝑛𝑔,  𝑎𝑛𝑑 𝑚𝑎𝑛𝑦 𝑚𝑜𝑟𝑒.  

𝐼𝑡 𝑐𝑎𝑛 𝑏𝑒 𝑢𝑠𝑒𝑑 𝑡𝑜 𝑠𝑜𝑙𝑣𝑒 𝑎 𝑣𝑎𝑟𝑖𝑒𝑡𝑦 𝑜𝑓 𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠,  𝑠𝑢𝑐h 𝑎𝑠 𝑠𝑝𝑎𝑟𝑠𝑒 𝑠𝑖𝑔𝑛𝑎𝑙 𝑟𝑒𝑐𝑜𝑣𝑒𝑟𝑦,    

𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑒𝑑 𝑠𝑒𝑠𝑛𝑖𝑛𝑔,  𝑎𝑛𝑑 𝑜𝑡h𝑒𝑟𝑠.  

  

𝑨𝒅𝒗𝒂𝒏𝒕𝒂𝒈𝒆𝒔 𝒂𝒏𝒅 𝑳𝒊𝒎𝒊𝒕𝒂𝒕𝒊𝒐𝒏𝒔  

  

𝑂𝑛𝑒 𝑜𝑓 𝑡h𝑒 𝑎𝑑𝑣𝑎𝑛𝑡𝑎𝑔𝑒 𝑜𝑓 𝑡h𝑒 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑖𝑠 𝑡h𝑎𝑡 𝑖𝑡 𝑐𝑎𝑛 h𝑎𝑛𝑑𝑙𝑒  

𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 𝑎𝑛𝑑 𝑛𝑜𝑛𝑠𝑚𝑜𝑜𝑡h 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠,  𝑤h𝑖𝑐h 𝑎𝑟𝑒 𝑐𝑜𝑚𝑚𝑜𝑛 𝑖𝑛 𝑚𝑎𝑛𝑦 𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛  

𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠.    

𝐴𝑙𝑡h𝑜𝑢𝑔h 𝑖𝑡 𝑖𝑠 𝑣𝑒𝑟𝑦 𝑠𝑢𝑐𝑐𝑒𝑠𝑠𝑓𝑢𝑙 𝑎𝑛𝑑 𝑢𝑠𝑒𝑓𝑢𝑙 𝑖𝑛 𝑚𝑎𝑛𝑦 𝑓𝑖𝑒𝑙𝑑𝑠 𝑜𝑓 𝑚𝑎𝑡h,  𝑡h𝑒 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑑𝑜𝑒𝑠  

h𝑎𝑣𝑒 𝑖𝑡𝑠 𝑙𝑖𝑚𝑖𝑡𝑎𝑡𝑖𝑜𝑛𝑠,  𝑎𝑛𝑑 𝑖𝑛 𝑠𝑜𝑚𝑒 𝑐𝑎𝑠𝑒𝑠,  𝑐𝑎𝑛 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒 𝑣𝑒𝑟𝑦 𝑠𝑙𝑜𝑤𝑙𝑦,  𝑜𝑟 𝑚𝑎𝑦 𝑛𝑜𝑡 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒 𝑎𝑡 𝑎𝑙𝑙 𝑓𝑜𝑟 𝑛𝑜𝑛  

𝑐𝑜𝑛𝑣𝑒𝑥 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠.    

  

𝑇h𝑟𝑜𝑢𝑔h𝑜𝑢𝑡 𝑡𝑖𝑚𝑒 𝑝𝑒𝑜𝑝𝑙𝑒 𝑐𝑎𝑚𝑒 𝑢𝑝 𝑤𝑖𝑡h 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑛𝑑 𝑚𝑜𝑑𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚,  

𝑡𝑜 𝑎𝑑𝑑𝑟𝑒𝑠𝑠 𝑡h𝑒𝑠𝑒 𝑙𝑖𝑚𝑖𝑡𝑎𝑡𝑖𝑜𝑛𝑠,  𝑖𝑛𝑐𝑙𝑢𝑑𝑖𝑛𝑔 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑒𝑑 𝑣𝑎𝑟𝑖𝑎𝑛𝑡𝑠 𝑡𝑜 h𝑎𝑣𝑒 𝑓𝑎𝑠𝑡𝑒𝑟 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒,  𝑎𝑛𝑑 𝑠𝑜𝑚𝑒  

𝑝𝑟𝑒𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑒𝑑 𝑣𝑒𝑟𝑠𝑖𝑜𝑛𝑠,  𝑡h𝑎𝑡 𝑤𝑜𝑟𝑘 𝑜𝑛𝑙𝑦 𝑤h𝑒𝑛 𝑠𝑜𝑚𝑒 𝑝𝑟𝑒𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑚𝑒𝑡.    

 

 



 
 

𝟑.  𝑫𝒐𝒖𝒈𝒍𝒂𝒔 𝑹𝒂𝒄𝒉𝒇𝒐𝒓𝒅 𝑴𝒆𝒕𝒉𝒐𝒅   

  

  

𝟑. 𝟏.  𝑻𝒉𝒆 𝒄𝒍𝒂𝒔𝒔𝒊𝒄 𝑫𝒐𝒖𝒈𝒍𝒂𝒔 − 𝑹𝒂𝒄𝒉𝒇𝒐𝒓𝒅 𝑴𝒆𝒕𝒉𝒐𝒅  

  

  

𝑇h𝑒 𝑐𝑙𝑎𝑠𝑠𝑖𝑐 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 −

𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑚𝑒𝑡h𝑜𝑑 𝑤𝑎𝑠 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙𝑙𝑦 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑 𝑖𝑛 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛 𝑤𝑖𝑡h 𝑃𝐷𝐸𝑠   

𝐴𝑟𝑖𝑠𝑖𝑛𝑔 𝑖𝑛 h𝑒𝑎𝑡 𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛 [𝟏].  𝐶𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒 𝑜𝑓 𝑡h𝑖𝑠 𝑚𝑒𝑡h𝑜𝑑 𝑤𝑎𝑠 𝑙𝑎𝑡𝑒𝑟 𝑝𝑟𝑜𝑣𝑒𝑛 𝑖𝑛 [𝟐],  𝑤h𝑜 𝑎𝑙𝑠𝑜  

𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑 𝑡h𝑖𝑠 𝑚𝑒𝑡h𝑜𝑑 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑧𝑒𝑟𝑜𝑠 𝑜𝑓 𝑡h𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑡𝑤𝑜 𝑚𝑎𝑥𝑖𝑚𝑎𝑙 𝑚𝑜𝑛𝑜𝑡𝑜𝑛𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑠.  

  

𝐺𝑖𝑣𝑒𝑛 𝑡𝑤𝑜 𝑠𝑢𝑏𝑠𝑒𝑡𝑠 𝐴, 𝐵 𝑜𝑓 h𝑖𝑙𝑏𝑒𝑟𝑡 𝑠𝑝𝑎𝑐𝑒 ℋ,  𝑡h𝑒 𝑚𝑒𝑡h𝑜𝑑 𝑖𝑡𝑒𝑟𝑎𝑡𝑒𝑠 𝑏𝑦 𝑟𝑒𝑝𝑒𝑎𝑡𝑒𝑑𝑙𝑦 𝑎𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑡h𝑒 

2 − 𝑠𝑒𝑡 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 − 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑂𝑝𝑒𝑟𝑎𝑡𝑜𝑟:  

  

𝑇𝐴,𝐵 ≔
𝐼+𝑅𝐵𝑅𝐴

2
  

𝑊h𝑒𝑟𝑒 𝐼 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑡h𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑚𝑎𝑝𝑝𝑖𝑛𝑔,  𝑅𝐴(𝑥) 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑡h𝑒 𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑥 ∈

ℋ 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒  

𝑡𝑜 𝑡h𝑒 𝑠𝑒𝑡 𝐴.    

  

𝑇h𝑒 𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑎𝑛 𝑏𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠:  

𝑅𝐴(𝑥) ≔ 2𝑃𝐴(𝑥) − 𝑥  

𝑊h𝑒𝑟𝑒 𝑃𝐴(𝑥) 𝑖𝑠 𝑡h𝑒 𝑐𝑙𝑜𝑠𝑒𝑠𝑡 𝑝𝑜𝑖𝑛𝑡 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡h𝑒 𝑝𝑜𝑖𝑛𝑡 𝑥 𝑜𝑛𝑡𝑜 𝑡h𝑒 𝑠𝑒𝑡 𝐴,  𝑡h𝑎𝑡 𝑖𝑠:  

𝑃𝐴(𝑥) ≔ {𝑧 ∈ 𝐴: ||𝑥 − 𝑧|| = inf
𝑎∈𝐴
||𝑥 − 𝑎||}  

  

𝐼𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙,  𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑃𝐴  𝑖𝑠 𝑎 𝑠𝑒𝑡 𝑣𝑎𝑙𝑢𝑒𝑑 𝑚𝑎𝑝 ∗∗ 𝑝𝑖𝑛𝑔.  𝐼𝑓 𝐴 𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 𝑐𝑜𝑛𝑣𝑒𝑥,  

𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑢𝑛𝑖𝑞𝑢𝑒𝑙𝑦 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦h 𝑝𝑜𝑖𝑛𝑡 𝑖𝑛 ℋ,  𝑡h𝑢𝑠 𝑦𝑖𝑒𝑙𝑑𝑖𝑛𝑔 𝑎 𝑠𝑖𝑛𝑔𝑙𝑒 𝑣𝑎𝑙𝑢𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔.   

(𝑆𝑒𝑒 [𝟑,  𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟒. 𝟓. 𝟏])  

  

𝐴𝑝𝑝𝑙𝑖𝑒𝑑 𝑡𝑜 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑒𝑡𝑠,  𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒 𝑖𝑠 𝑤𝑒𝑙𝑙 𝑢𝑛𝑑𝑒𝑟𝑠𝑡𝑜𝑜𝑑 𝑎𝑛𝑑 𝑐𝑎𝑛 𝑏𝑒 𝑒𝑥𝑝𝑙𝑎𝑖𝑛𝑒𝑑 𝑏𝑦  

𝑢𝑠𝑖𝑛𝑔 𝑡h𝑒 𝑡h𝑒𝑜𝑟𝑦 𝑜𝑓 (𝑓𝑖𝑟𝑚𝑙𝑦) 𝑛𝑜𝑛𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑣𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔𝑠.  

  

 

 

 



 
 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟏  

  

𝐿𝑒𝑡 𝐴, 𝐵 ⊆ ℋ 𝑏𝑒 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑒𝑡𝑠 𝑤𝑖𝑡h 𝑛𝑜𝑛𝑒𝑚𝑝𝑡𝑦 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛.  𝐴 ∩ 𝐵 ≠ ∅.  

𝐹𝑜𝑟 𝑎𝑛𝑦 𝑥0 ∈ ℋ,  𝑠𝑒𝑡 𝑥𝑛+1 = 𝑇𝐴,𝐵𝑥𝑛.    

  

𝑇h𝑒𝑛 (𝑥𝑛) 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑤𝑒𝑎𝑘𝑙𝑦 𝑡𝑜 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑥 𝑠𝑢𝑐h 𝑡h𝑎𝑡 𝑃𝐴𝑥 ∈ 𝐴 ∩ 𝐵  

  

𝑵𝒐𝒕𝒆:  

  

(𝑥𝑛) 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑡𝑜 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑥,  𝑏𝑢𝑡 𝑥 𝑖𝑠 𝑛𝑜𝑡 𝑛𝑒𝑐𝑐𝑒𝑠𝑠𝑎𝑟𝑖𝑙𝑦 𝑏𝑒𝑙𝑜𝑛𝑔𝑖𝑛𝑔 𝑡𝑜 𝐴 ∩ 𝐵.  

𝐼𝑡 𝑖𝑠 𝑤h𝑎𝑡′𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑡h𝑒 𝑠h𝑎𝑑𝑜𝑤 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 (𝑃𝐴𝑥𝑛) 𝑡h𝑎𝑡 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑡𝑜 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑃𝐴𝑥 𝑡h𝑎𝑡 𝑑𝑜𝑒𝑠   

𝑏𝑒𝑙𝑜𝑛𝑔 𝑡𝑜 𝐴 ∩ 𝐵.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

𝟑. 𝟐.  𝑻𝒉𝒆 𝑪𝒚𝒄𝒍𝒊𝒄 𝑫𝒐𝒖𝒈𝒍𝒂𝒔 − 𝑹𝒂𝒄𝒉𝒇𝒐𝒓𝒅 𝑴𝒆𝒕𝒉𝒐𝒅  

  

  

𝑇h𝑒𝑟𝑒 𝑎𝑟𝑒 𝑚𝑎𝑛𝑦 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡h𝑒 𝑐𝑙𝑎𝑠𝑠𝑖𝑐 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 − 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛. 

𝐺𝑖𝑣𝑒𝑛 𝑡h𝑟𝑒𝑒 𝑠𝑒𝑡𝑠 𝐴, 𝐵, 𝐶 𝑎𝑛𝑑 𝑥0 ∈

ℋ,  𝑎𝑛 𝑜𝑏𝑣𝑖𝑜𝑢𝑠 𝑐𝑎𝑛𝑑𝑖𝑡𝑎𝑡𝑒 𝑖𝑠 𝑡h𝑒 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑟𝑒𝑝𝑒𝑎𝑡𝑒𝑑𝑙𝑦   

𝑏𝑦 𝑠𝑒𝑡𝑡𝑖𝑛𝑔 𝑥𝑛+1 ≔ 𝑇𝐴,𝐵,𝐶𝑥𝑛 𝑤h𝑒𝑟𝑒  

𝑇𝐴,𝐵,𝐶 ≔
𝐼+𝑅𝐶𝑅𝐵𝑅𝐴

2
  

  

  

𝐹𝑜𝑟 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑒𝑡𝑠,  𝑙𝑖𝑘𝑒 𝑇𝐴,𝐵,   𝑡h𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑇𝐴,𝐵,𝐶  𝑖𝑠 𝑓𝑖𝑟𝑚𝑙𝑦 𝑛𝑜𝑛𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑣𝑒,  𝑎𝑛𝑑 h𝑎𝑠 𝑎𝑡𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒  

𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑 𝐴 ∩ 𝐵 ∩ 𝐶 ≠ ∅.    

  

𝑈𝑠𝑖𝑛𝑔 𝑎 𝑤𝑒𝑙𝑙 𝑘𝑛𝑜𝑤𝑛 𝑡h𝑒𝑜𝑟𝑒𝑚 𝑜𝑓 𝑂𝑝𝑖𝑎𝑙 (𝑺𝒆𝒆 [𝟒],  𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟏),  (𝑥𝑛) 𝑐𝑎𝑛 𝑏𝑒 𝑠h𝑜𝑤𝑛 𝑡𝑜 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒 𝑤𝑒𝑎𝑘𝑙𝑦 𝑡𝑜 𝑎 

 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡,  

𝐻𝑜𝑤𝑒𝑣𝑒𝑟,  𝑎𝑡𝑡𝑒𝑚𝑝𝑡𝑖𝑛𝑔 𝑡𝑜 𝑜𝑏𝑡𝑎𝑖𝑛 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑖𝑛 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡h𝑒 𝑠𝑒𝑡𝑠 𝑢𝑠𝑖𝑛𝑔 𝑠𝑎𝑖𝑑 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡   

h𝑎𝑠 𝑏𝑒𝑒𝑛,  𝑠𝑜 𝑓𝑎𝑟,  𝑢𝑛𝑠𝑢𝑐𝑐𝑒𝑠𝑠𝑓𝑢𝑙.  𝑊𝑒 𝑤𝑖𝑙𝑙 𝑖𝑙𝑙𝑢𝑠𝑡𝑟𝑎𝑡𝑒 𝑡h𝑖𝑠 𝑓𝑎𝑖𝑙𝑢𝑟𝑒 𝑖𝑛 𝑡h𝑒 𝑛𝑒𝑥𝑡 𝐸𝑥𝑎𝑚𝑝𝑙𝑒:  

  

  

𝐼𝑛𝑠𝑡𝑒𝑎𝑑,  𝐵𝑜𝑟𝑤𝑒𝑖𝑛 𝑎𝑛𝑑 𝑇𝑎𝑚 (𝑺𝒆𝒆  [𝟓]) 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒𝑑 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑎𝑝𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 2 −

𝑠𝑒𝑡 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑  

𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑠.  𝑔𝑖𝑣𝑒𝑛 𝑁 𝑠𝑒𝑡𝑠 𝐶1, 𝐶2, … , 𝐶𝑁,  𝑎𝑛𝑑 𝑥0 ∈ ℋ,  𝑡h𝑒𝑖𝑟 𝑐𝑦𝑐𝑙𝑖𝑐 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑟𝑎𝑐h𝑓𝑜𝑟𝑑 𝑠𝑐h𝑒𝑚𝑒  

𝑖𝑡𝑒𝑟𝑎𝑡𝑒𝑠 𝑏𝑦 𝑟𝑒𝑝𝑒𝑎𝑡𝑒𝑑𝑙𝑦 𝑠𝑒𝑡𝑡𝑖𝑛𝑔 𝑥𝑛+1 ≔ 𝑇[𝐶1,𝐶2,…,𝐶𝑁]𝑥𝑛   

𝑤h𝑒𝑟𝑒   

𝑇[𝐶1,𝐶2,…,𝐶𝑁] 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑡h𝑒 𝑐𝑦𝑐𝑙𝑖𝑐 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 − 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦:  

  

𝑇[𝐶1,𝐶2,…,𝐶𝑁] = 𝑇𝐶𝑁,𝐶1𝑇𝐶𝑁−1,𝐶𝑁 … . , 𝑇𝐶2,𝐶3𝑇𝐶1,𝐶2 .  

  

  

𝐼𝑛 𝑡h𝑒 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑡 𝑐𝑎𝑠𝑒,  𝑡h𝑒 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 𝑏𝑒h𝑎𝑣𝑒 𝑎𝑛𝑎𝑙𝑜𝑔𝑜𝑢𝑠𝑙𝑦 𝑡𝑜 𝑡h𝑒 𝑐𝑙𝑎𝑠𝑠𝑖𝑐𝑎𝑙 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 −

𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 Scheme. 

  

  

 



 
 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟐 (𝑪𝒚𝒄𝒍𝒊𝒄 𝑫𝒐𝒖𝒈𝒍𝒂𝒔 − 𝑹𝒂𝒄𝒉𝒇𝒐𝒓𝒅)  

  

𝐿𝑒𝑡 𝐶1, 𝐶2, … , 𝐶𝑛 ⊆ ℋ 𝑏𝑒 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑒𝑡𝑠 𝑤𝑖𝑡h 𝑎 𝑛𝑜𝑛𝑒𝑚𝑝𝑡𝑦 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛.  

𝐹𝑜𝑟 𝑎𝑛𝑦 𝑥0 ∈ ℋ,  𝑠𝑒𝑡 𝑥𝑛+1 = 𝑇[𝐶1,𝐶2,…,𝐶𝑁]𝑥𝑛 .  

  

𝑇h𝑒𝑛 (𝑥𝑛) 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑤𝑒𝑎𝑘𝑙𝑦 𝑡𝑜 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑥 𝑠𝑢𝑐h 𝑡h𝑎𝑡 𝑃𝐶𝑖𝑥 = 𝑃𝐶𝑗𝑥  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖𝑛𝑑𝑖𝑐𝑒𝑠 𝑖, 𝑗.  

𝑀𝑜𝑟𝑒𝑜𝑣𝑒𝑟,  𝑃𝐶𝑗𝑥 ∈∩𝑖=1
𝑁 𝐶𝑖 𝑓𝑜𝑟 𝑒𝑎𝑐h 𝑖𝑛𝑑𝑒𝑥 𝑗.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

𝟑. 𝟑 𝑫𝒐𝒖𝒈𝒍𝒂𝒔 𝑹𝒂𝒄𝒉𝒇𝒐𝒓𝒅 𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 𝒕𝒐 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝑰𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝑵 𝒃𝒂𝒍𝒍𝒔 𝒊𝒏 ℝ𝒎  

𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑐𝑎𝑛 𝑏𝑒 𝑢𝑠𝑒𝑑 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜 𝑛𝑜𝑓 𝑁 𝑏𝑎𝑙𝑙𝑠 𝑖𝑛 ℝ𝑚.    

𝑇𝑜 𝑑𝑒𝑚𝑜𝑛𝑠𝑡𝑟𝑎𝑡𝑒 𝑡h𝑖𝑠,  𝑤𝑒′𝑟𝑒 𝑔𝑜𝑖𝑛𝑔 𝑡𝑜 𝑏𝑒 𝑑𝑒𝑎𝑙𝑖𝑛𝑔 𝑤𝑖𝑡h ℝ2,  𝑎𝑛𝑑 𝑔𝑖𝑣𝑒 𝑡𝑤𝑜 𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠.  

𝑂𝑛𝑒 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 𝑖𝑠 𝑎𝑛 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 𝑜𝑓 2 𝑐𝑖𝑟𝑐𝑙𝑒𝑠 𝑤𝑖𝑡h 𝑒𝑥𝑎𝑐𝑡𝑙𝑦 𝑜𝑛𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡,  𝑎𝑛𝑑 𝑤𝑒 𝑠h𝑜𝑤  

h𝑜𝑤 𝑡𝑎𝑘𝑖𝑛𝑔 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑝𝑜𝑖𝑛𝑡 𝑃,  𝑎𝑛𝑑 𝑟𝑢𝑛𝑛𝑖𝑛𝑔 𝑡h𝑒 𝐷𝑅 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑛 𝑡h𝑖𝑠 𝑝𝑜𝑖𝑛𝑡 𝑃,  𝑠𝑙𝑜𝑤𝑙𝑦 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠  

𝑡𝑜 𝑡h𝑒 𝑜𝑛𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡.  

  

𝑊𝑒′𝑙𝑙 𝑎𝑙𝑠𝑜 𝑑𝑒𝑚𝑜𝑛𝑠𝑡𝑟𝑎𝑡𝑒 𝑡h𝑒 𝑠𝑎𝑚𝑒 𝑡h𝑖𝑛𝑔 𝑓𝑜𝑟 3 𝐶𝑖𝑟𝑐𝑙𝑒𝑠 𝑖𝑛 ℝ2,  𝑈𝑠𝑖𝑛𝑔 𝑡h𝑒 𝑐𝑦𝑐𝑙𝑖𝑐 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑚𝑒𝑡h𝑜𝑑.  

𝐵𝑢𝑡 𝑏𝑒𝑓𝑜𝑟𝑒 𝑑𝑜𝑖𝑛𝑔 𝑠𝑜,  𝑤𝑒 𝑛𝑒𝑒𝑑 𝑎 𝑚𝑎𝑡h𝑒𝑚𝑎𝑡𝑖𝑐𝑎𝑙 𝑓𝑜𝑢𝑛𝑑𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 h𝑜𝑤 𝑡𝑜 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑎 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛  

𝑜𝑓 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑝𝑜𝑖𝑛𝑡 𝑃 ,  𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑡𝑜 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒 𝑤𝑖𝑡h 𝑐𝑒𝑛𝑡𝑒𝑟 𝐶 𝑎𝑛𝑑 𝑟𝑎𝑑𝑖𝑢𝑠 𝑅.  

  

𝑭𝒊𝒏𝒅𝒊𝒏𝒈 𝒕𝒉𝒆 𝒑𝒓𝒐𝒋𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂𝒏 𝒂𝒓𝒃𝒊𝒕𝒓𝒂𝒓𝒚 𝒑𝒐𝒊𝒏𝒕 𝑷 𝒐𝒏𝒕𝒐 𝒂 𝒄𝒊𝒓𝒄𝒍𝒆 𝒘𝒊𝒕𝒉 𝒄𝒆𝒏𝒕𝒆𝒓   

𝑪 𝒂𝒏𝒅 𝒓𝒂𝒅𝒊𝒖𝒔 𝑹  

  

𝑊𝑒 𝑘𝑛𝑜𝑤 𝑓𝑟𝑜𝑚 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑦,  𝑡h𝑎𝑡 𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑡𝑜 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡h𝑒 𝑟𝑎𝑑𝑖𝑢𝑠 𝑎𝑡 𝑡h𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑐𝑦 𝑝𝑜𝑖𝑛𝑡.  

𝑊𝑒 𝑐𝑎𝑛 𝑢𝑠𝑒 𝑡h𝑖𝑠 𝑖𝑑𝑒𝑎 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑒𝑣𝑒𝑟𝑦 𝑝𝑜𝑖𝑛𝑡 𝑃,  𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑡𝑜 𝑡h𝑒 𝑔𝑖𝑣𝑒𝑛 𝑐𝑖𝑟𝑐𝑙𝑒.  

  

𝑊𝑒 𝑑𝑟𝑎𝑤 𝑎 𝑠𝑡𝑟𝑎𝑖𝑔h𝑡 𝑙𝑖𝑛𝑒 𝑓𝑟𝑜𝑚 𝐶 𝑡𝑜 𝑃,  𝑎𝑛𝑑 𝑡h𝑖𝑠 𝑠𝑡𝑟𝑎𝑖𝑔h𝑡 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡h𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒  

𝑎𝑡 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑡h𝑒 𝐿𝑖𝑛𝑒 𝑤𝑒 𝑚𝑎𝑑𝑒 𝑓𝑟𝑜𝑚 𝐶 𝑡𝑜 𝑃,  𝑎𝑛𝑑 𝑡h𝑒 𝑐𝑖𝑟𝑐𝑢𝑚𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑜𝑓 𝑡h𝑒 𝑐𝑖𝑟𝑐𝑙𝑒.  𝐶𝑎𝑙𝑙  

𝑡h𝑖𝑠 𝑡𝑎𝑛𝑔𝑒𝑛𝑐𝑦 𝑝𝑜𝑖𝑛𝑡 𝑂.    

𝑇h𝑒𝑟𝑒𝑓𝑜𝑟𝑒,  𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑜𝑖𝑛𝑡 𝑃 𝑜𝑛𝑡𝑜 𝑡h𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 ,  𝑖𝑠 𝑒𝑥𝑎𝑐𝑡𝑙𝑦 𝑡h𝑒 𝑝𝑜𝑖𝑛𝑡 𝑂.    

  

𝑊𝑒 𝑐𝑎𝑛 𝑢𝑠𝑒 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑒𝑥𝑝𝑙𝑖𝑐𝑖𝑡𝑙𝑦 𝑡h𝑒 𝑝𝑜𝑖𝑛𝑡 𝑂:  

𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡h𝑎𝑡 𝑎 𝑠𝑡𝑟𝑎𝑖𝑔h𝑡 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 𝑦 = 𝑚𝑥 +

𝑏,  𝑎𝑛𝑑 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒 𝑤𝑖𝑡h 𝑐𝑒𝑛𝑡𝑒𝑟 (𝑥0, 𝑦0) 𝑤𝑖𝑡h 𝑟𝑎𝑑𝑖𝑢𝑠 𝑟 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛   

𝑏𝑦:  

(𝑥 − 𝑥0)
2 + (𝑦 − 𝑦0)

2 = 𝑟2  

𝑊𝑒 𝑤𝑎𝑛𝑡 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑤h𝑒𝑟𝑒 𝑡h𝑒 𝑠𝑡𝑟𝑎𝑖𝑔h𝑡 𝑙𝑖𝑛𝑒 𝑎𝑛𝑑 𝑡h𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡,  𝑠𝑜 𝑤𝑒 𝑝𝑙𝑢𝑔 𝑖𝑛 𝑦 = 𝑚𝑥 +

𝑏 𝑖𝑛 𝑡h𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛.   

𝑊𝑒′𝑙𝑙 𝑔𝑒𝑡 𝑡𝑤𝑜 𝑟𝑒𝑠𝑢𝑙𝑡𝑠,  𝑤h𝑖𝑐h 𝑚𝑎𝑘𝑒𝑠 𝑠𝑒𝑛𝑠𝑒 𝑠𝑖𝑛𝑐𝑒 𝑎 𝑠𝑡𝑟𝑎𝑖𝑔h𝑡 𝑙𝑖𝑛𝑒 𝑡h𝑎𝑡 𝑔𝑜𝑒𝑠 𝑡h𝑟𝑜𝑢𝑔h 𝑡h𝑒 𝑚𝑖𝑑𝑑𝑙𝑒  

𝑜𝑓 𝑡h𝑒 𝑐𝑖𝑟𝑐𝑙𝑒,  𝑤𝑖𝑙𝑙 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑡h𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 𝑎𝑡 𝑡𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠.  𝐴𝑓𝑡𝑒𝑟𝑤𝑎𝑟𝑑𝑠,  𝑤𝑒 𝑤𝑖𝑙𝑙 𝑐h𝑜𝑜𝑠𝑒 𝑡h𝑒 𝑐𝑙𝑜𝑠𝑒𝑠𝑡 𝑝𝑜𝑖𝑛𝑡.  

  

(𝑥 − 𝑥0)
2 + (𝑦 − 𝑦0)

2 = 𝑟2 

(𝑥 − 𝑥0)
2 + (𝑚𝑥 + 𝑏 − 𝑦0)

2 = 𝑟2 

  



 
 

  

(𝑚𝑥 + 𝑏 − 𝑦0)
2 = (𝑚𝑥 + 𝑏 − 𝑦0) ∗ (𝑚𝑥 + 𝑏 − 𝑦0) = 𝑚

2𝑥2 +𝑚𝑏𝑥 −𝑚𝑦0𝑥 +𝑚𝑏𝑥 + 𝑏
2 − 𝑏𝑦0 −

𝑚𝑦0𝑥 − 𝑦0𝑏 + 𝑦0
2  

= 𝑚2𝑥2 + 𝑏2 + 𝑦0
2 + 2𝑚𝑏𝑥 − 2𝑚𝑦0𝑥 − 2𝑏𝑦0  

  

(𝑥 − 𝑥0)
2 + (𝑚𝑥 + 𝑏 − 𝑦0)

2 =  

= 𝑥2 − 2𝑥0𝑥 + 𝑥0
2 +𝑚2𝑥2 + 𝑏2 + 𝑦0

2 + 2𝑚𝑏𝑥 − 2𝑚𝑦0𝑥 − 2𝑏𝑦0  

= 𝑥2(𝑚2 + 1) + 𝑥(2𝑚𝑏 − 2𝑚𝑦0 − 2𝑥0) + (𝑥0
2 + 𝑏2 + 𝑦0

2 − 2𝑏𝑦0) = 𝑟
2  

  

⇒ (𝑚2 + 1) ∗ 𝑥2 + (2𝑚𝑏 − 2𝑚𝑦0 − 2𝑥0) ∗ 𝑥 + (𝑥0
2 + 𝑏2 + 𝑦0

2 − 2𝑏𝑦0 − 𝑟
2) = 0  

  

𝑆𝑜 𝑤𝑒 h𝑎𝑣𝑒 𝑜𝑢𝑟 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 𝐴𝑥2 + 𝐵𝑥 + 𝐶 = 0  

  

𝐵2 = (2𝑚𝑏 − 2𝑚𝑦0 − 2𝑥0)
2 = (2𝑚𝑏 − 2𝑚𝑦0 − 2𝑥0) ∗ (2𝑚𝑏 − 2𝑚𝑦0 − 2𝑥0) =  

= 4𝑚2𝑏2 − 4𝑚2𝑏𝑦0 − 4𝑚𝑏𝑥0 − 4𝑚
2𝑏𝑦0 + 4𝑚

2𝑦0
2 + 4𝑚𝑦0𝑥0 − 4𝑚𝑏𝑥0 + 4𝑚𝑦0𝑥0 + 4𝑥0

2  

= 4𝑚2𝑏2 + 4𝑚2𝑦0
2 + 4𝑥0

2 − 8𝑚2𝑏𝑦0 − 8𝑚𝑏𝑥0 + 8𝑚𝑦0𝑥0  

  

  

𝑥1,2 =
((−2𝑚𝑏+2𝑚𝑦0+2𝑥0)±√4𝑚

2𝑏2+4𝑚2𝑦0
2+4𝑥0

2−8𝑚2𝑏𝑦0−8𝑚𝑏𝑥0+8𝑚𝑦0𝑥0−4∗(𝑚
2+1)∗(𝑥0

2+𝑏2+𝑦0
2−2𝑏𝑦0−𝑟

2))

2(𝑚2+1)
  

  

𝑥1,2 =
((−𝑚𝑏+𝑚𝑦0+𝑥0)±√𝒎

𝟐𝒃𝟐+𝒎𝟐𝒚𝟎
𝟐+𝒙𝟎

𝟐−𝟐𝒎𝟐𝒃𝒚𝟎−2𝑚𝑏𝑥0+2𝑚𝑦0𝑥0−𝑚
2𝑥0
2−𝒎𝟐𝒃𝟐−𝒎𝟐𝒚𝟎

𝟐+𝟐𝒎𝟐𝒃𝒚𝟎+𝑚
2𝑟2−𝒙𝟎

𝟐−𝑏2−𝑦0
2+2𝑏𝑦0+𝑟

2)

𝑚2+1
  

  

𝒙𝟏,𝟐 =
((−𝒎𝒃+𝒎𝒚𝟎+𝒙𝟎)±√𝒎

𝟐𝒓𝟐+𝟐𝒎𝒚𝟎𝒙𝟎+𝟐𝒃𝒚𝟎+𝒓
𝟐−𝟐𝒎𝒃𝒙𝟎−𝒎

𝟐𝒙𝟎
𝟐−𝒃𝟐−𝒚𝟎

𝟐)

𝒎𝟐+𝟏
  

 

We had found a formula, that gives us two X coordinates, where the line y=mx+b intersects the circle. 

𝑇h𝑒𝑛,  𝑤𝑒 𝑐𝑎𝑛 𝑗𝑢𝑠𝑡 𝑝𝑙𝑢𝑔 𝑡h𝑒𝑠𝑒 𝑥′𝑠  𝑡𝑜 𝑜𝑛𝑒 𝑜𝑓 𝑡h𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠,  𝑝𝑟𝑒𝑓𝑒𝑟𝑎𝑏𝑙𝑦 𝑦 = 𝑚𝑥 +

𝑏 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑖𝑡′𝑠  

𝑒𝑎𝑠𝑖𝑒𝑟 𝑡𝑜 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒,  𝑡𝑜 𝑓𝑖𝑛𝑑 𝑡h𝑒 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑦 𝑣𝑎𝑙𝑢𝑒𝑠.  

  

𝑠𝑜 𝑤𝑒 𝑔𝑒𝑡 𝑡𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠: (𝑥1, 𝑦1),  (𝑥2, 𝑦2).    

𝑇h𝑒𝑛 𝑡𝑜 𝑑𝑒𝑐𝑖𝑑𝑒 𝑤h𝑖𝑐h 𝑖𝑠 𝑡h𝑒 𝑑𝑒𝑠𝑖𝑟𝑒𝑑 𝑝𝑜𝑖𝑛𝑡,  𝑤𝑒 𝑡𝑎𝑘𝑒 𝑡h𝑒 𝑜𝑛𝑒 𝑡h𝑎𝑡 𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑟 𝑡𝑜 𝑃.  𝑊𝑒 𝑑𝑖𝑑 𝑡h𝑖𝑠 𝑏𝑦  

𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑖𝑛𝑔 𝑡h𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑝 𝑡𝑜 (𝑥1, 𝑦1) 𝑐𝑎𝑙𝑙𝑖𝑛𝑔 𝑖𝑡 𝑑𝑖𝑠𝑡1,  𝑎𝑛𝑑 𝑓𝑟𝑜𝑚 𝑝 𝑡𝑜 (𝑥2, 𝑦2) 𝑐𝑎𝑙𝑙𝑖𝑛𝑔 𝑖𝑡 𝑑𝑖𝑠𝑡2,  



 
 

𝑎𝑛𝑑 𝑡h𝑒𝑛 𝑑𝑒𝑐𝑖𝑑𝑖𝑛𝑔 𝑤h𝑖𝑐h 𝑖𝑠 𝑡h𝑒 𝑟𝑖𝑔h𝑡 𝑝𝑜𝑖𝑛𝑡,  𝑏𝑦 𝑡𝑎𝑘𝑖𝑛𝑔 𝑡h𝑒 𝑜𝑛𝑒 𝑡h𝑎𝑡 𝑖𝑠 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑖𝑏𝑙𝑒 𝑓𝑜𝑟 𝑡h𝑒 𝑠𝑚𝑎𝑙𝑙𝑒𝑟  

𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑜𝑢𝑡 𝑜𝑓 𝑑𝑖𝑠𝑡1 𝑎𝑛𝑑 𝑑𝑖𝑠𝑡2.  𝐵𝑎𝑠𝑖𝑐𝑎𝑙𝑙𝑦 𝑤𝑒′𝑟𝑒 𝑡𝑎𝑘𝑖𝑛𝑔min(𝑑𝑖𝑠𝑡1, 𝑑𝑖𝑠𝑡2) .    

  

  

  

  

𝑁𝑜𝑡𝑒 𝑡h𝑎𝑡 𝑡h𝑒 𝑐𝑦𝑐𝑙𝑖𝑐 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑖𝑠 𝑢𝑠𝑒𝑑 𝑤h𝑒𝑛 𝑤𝑒 h𝑎𝑣𝑒 𝑎𝑡𝑙𝑒𝑎𝑠𝑡 3 𝑠𝑒𝑡𝑠,  𝑎𝑛𝑑 𝑡h𝑒 𝑐𝑙𝑎𝑠𝑠𝑖𝑐 𝐷𝑅   

𝑖𝑠 𝑢𝑠𝑒𝑑 𝑤h𝑒𝑛 𝑤𝑒 h𝑎𝑣𝑒 𝑡𝑤𝑜 𝑠𝑒𝑡𝑠.  𝑀𝑜𝑟𝑒𝑜𝑣𝑒𝑟,  𝑤h𝑒𝑛 𝑑𝑒𝑎𝑙𝑖𝑛𝑔 𝑤𝑖𝑡h 𝑡h𝑒 𝑐𝑙𝑎𝑠𝑠𝑖𝑐 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 −

𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑚𝑒𝑡h𝑜𝑑, 

 𝑤𝑒 h𝑎𝑣𝑒 𝑡𝑜 𝑘𝑒𝑒𝑝 𝑖𝑛 𝑚𝑖𝑛𝑑 𝑡h𝑎𝑡 𝑡h𝑒 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 𝑑𝑜 𝑛𝑜𝑡 𝑔𝑖𝑣𝑒 𝑢𝑠 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑏𝑒𝑙𝑜𝑛𝑔𝑖𝑛𝑔 𝑡𝑜 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓  

𝑡h𝑒 𝑠𝑒𝑡𝑠,  𝑏𝑢𝑡 𝑟𝑎𝑡h𝑒𝑟 𝑡h𝑒𝑦 𝑔𝑖𝑣𝑒 𝑢𝑠 𝑎 𝑝𝑜𝑖𝑛𝑡,  𝑤h𝑜𝑠𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑛 𝑡h𝑒 𝑓𝑖𝑟𝑠𝑡 𝑠𝑒𝑡 𝐴,  𝑖𝑠 𝑖𝑛 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

𝟑. 𝟒.  𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎𝒔 𝒖𝒔𝒆𝒅 𝒊𝒏 𝒐𝒖𝒓 𝑵𝒖𝒎𝒆𝒓𝒊𝒄𝒂𝒍 𝑬𝒙𝒑𝒆𝒓𝒊𝒎𝒆𝒏𝒕𝒔:  

𝐼′𝑣𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚𝑠 𝑓𝑜𝑟 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠.  𝐵𝑢𝑡 𝑡h𝑒 𝑚𝑎𝑖𝑛 𝑖𝑑𝑒𝑎 𝑜𝑓 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚𝑠,   

𝑖𝑠 𝑡𝑜 𝑏𝑒 𝑎𝑏𝑙𝑒 𝑡𝑜 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒  

𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑝𝑜𝑖𝑛𝑡,  𝑜𝑛𝑡𝑜 𝑎 𝑠𝑒𝑡.  𝑇h𝑒 𝑖𝑑𝑒𝑎 𝑏𝑒h𝑖𝑛𝑑 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚𝑠 𝑖𝑠 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑓𝑜𝑟 𝑡h𝑒 𝑐𝑎𝑠𝑒 𝑜𝑓 h𝑎𝑣𝑖𝑛𝑔   

𝑡𝑜 𝑝𝑟𝑜𝑗𝑒𝑐𝑡 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛𝑡𝑜 𝑎 𝑙𝑖𝑛𝑒,  𝑜𝑟 𝑜𝑛𝑡𝑜 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒. 

 𝑇h𝑒 𝑙𝑖𝑠𝑡 𝑜𝑓 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚𝑠 𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑒𝑑 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒𝑖𝑟 𝑢𝑠𝑎𝑔𝑒 𝑖𝑛 𝑡ℎ𝑒 𝑁𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 𝐸𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑠 
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Used to showcase the Cyclic Douglas Rachford iterations,  involving three 2D Balls.  This algorithm  
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𝑈𝑠𝑖𝑛𝑔 𝑤h𝑎𝑡 𝑤𝑒 h𝑎𝑣𝑒 𝑢𝑛𝑡𝑖𝑙 𝑛𝑜𝑤,  𝑤𝑒 𝑐𝑎𝑛 𝑠𝑡𝑎𝑟𝑡 𝑤𝑖𝑡h 𝑠𝑜𝑚𝑒 𝑁𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 𝐸𝑥𝑎𝑚𝑝𝑙𝑒𝑠.  

 

 

 

 

 

 

 



 
 

𝟒.  𝑵𝒖𝒎𝒆𝒓𝒊𝒄𝒂𝒍 𝑬𝒙𝒑𝒆𝒓𝒊𝒎𝒆𝒏𝒕𝒔  

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏 (𝑭𝒂𝒊𝒍𝒖𝒓𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒉𝒓𝒆𝒆 𝒔𝒆𝒕 𝑫𝒐𝒖𝒈𝒍𝒂𝒔 −

𝑹𝒂𝒄𝒉𝒇𝒐𝒓𝒅 𝒊𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏𝒔. )  

  

  

𝑊𝑒 𝑔𝑖𝑣𝑒 𝑎𝑛 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 𝑠h𝑜𝑤𝑖𝑛𝑔 𝑡h𝑒 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑑𝑒𝑠𝑐𝑟𝑖𝑏𝑒𝑑 𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠𝑙𝑦,  𝑐𝑎𝑛 𝑓𝑎𝑖𝑙 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑎 𝑓𝑒𝑎𝑠𝑖𝑏𝑙𝑒  

𝑝𝑜𝑖𝑛𝑡.  

  

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡h𝑒 𝑜𝑛𝑒 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒𝑠 𝐴, 𝐵, 𝐶 ⊂ ℝ2 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦:  

  

𝐴 ≔ {𝜆(0,1): 𝜆 ∈ ℝ}  

𝐵 ≔ {𝜆(√3, 1): 𝜆 ∈ ℝ}  

𝐶 ≔ {𝜆(−√3, 1): 𝜆 ∈ ℝ} .  

  

𝑇h𝑒𝑛 𝐴 ∩ 𝐵 ∩ 𝐶 = {(0,0)}.  

𝐿𝑒𝑡 𝑥0 = (−√3,−1).     
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𝑐𝑖𝑟𝑐𝑙𝑒,  𝑖𝑠 𝑡h𝑒 𝑝𝑜𝑖𝑛𝑡 𝑥0 = (−√3,−1)  

  

𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡h𝑎𝑡 𝑖𝑛 𝑡h𝑒 𝑡h𝑟𝑒𝑒 𝑠𝑒𝑡 𝑑𝑜𝑢𝑔𝑙𝑎𝑠 − 𝑟𝑎𝑐h𝑓𝑜𝑟𝑑,  𝑡h𝑒 𝑑𝑜𝑢𝑔𝑙𝑎𝑠 𝑟𝑎𝑐h𝑓𝑜𝑟𝑑 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟  

𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠:  

  

𝑥𝑛+1 = 𝑇𝐴,𝐵,𝐶𝑥𝑛  

𝑤h𝑒𝑟𝑒  

𝑇𝐴,𝐵,𝐶 ≔
𝐼+𝑅𝐶𝑅𝐵𝑅𝐴

2
  

  

  

𝑅𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑛𝑔 𝑥0 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑡𝑜 𝐴 𝑖𝑛 𝑚𝑎𝑡𝑙𝑎𝑏 𝑠𝑒𝑒𝑚𝑠 𝑑𝑖𝑓𝑓𝑖𝑐𝑢𝑙𝑡,  𝑎𝑠 𝑖𝑡′𝑠 𝑑𝑖𝑓𝑓𝑖𝑐𝑢𝑙𝑡 𝑡𝑜 𝑑𝑒𝑓𝑖𝑛𝑒 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  

𝑡h𝑎𝑡 𝑖𝑠 𝑜𝑛𝑙𝑦 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙,  𝑠𝑖𝑛𝑐𝑒 𝑖𝑡 h𝑎𝑠 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑙𝑜𝑝𝑒,  𝑖𝑡 𝑐𝑎𝑛𝑛𝑜𝑡 𝑏𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 𝑦 = 𝑚𝑥 + 𝑏 𝑙𝑖𝑘𝑒 𝑡h𝑒  

𝑜𝑡h𝑒𝑟 𝑙𝑖𝑛𝑒𝑠.    

𝐵𝑢𝑡 𝑠𝑖𝑛𝑐𝑒 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡h𝑎𝑡 𝐴 𝑖𝑠 𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑙𝑖𝑛𝑒,  𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑛𝑔 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑡𝑜 𝑖𝑡 𝑖𝑠 𝑠𝑡𝑟𝑎𝑖𝑔h𝑡𝑓𝑜𝑟𝑤𝑎𝑟𝑑,  



 
 

𝑅𝐴(𝑥0) = (√3,−1),  𝑇h𝑎𝑡 𝑖𝑠,  𝑗𝑢𝑠𝑡 𝑐h𝑎𝑛𝑔𝑖𝑛𝑔 𝑡h𝑒 𝑠𝑖𝑔𝑛 𝑜𝑓 𝑡h𝑒 𝑥 𝑣𝑎𝑙𝑢𝑒.  

  

𝑁𝑜𝑤 𝑤𝑒′𝑙𝑙 𝑠h𝑜𝑤 𝑡h𝑎𝑡   

𝑥0 ∈ 𝐹𝑖𝑥(𝑅𝑐𝑅𝐵𝑅𝑎),  𝑤h𝑖𝑐h 𝑤𝑖𝑙𝑙 𝑦𝑖𝑒𝑙𝑑 𝑡𝑜 𝑡h𝑒 𝑓𝑎𝑐𝑡 𝑡h𝑎𝑡 𝑥0 ∈ 𝐹𝑖𝑥 (
𝐼+𝑅𝐶𝑅𝐵𝑅𝐴

2
),  

𝑚𝑒𝑎𝑛𝑖𝑛𝑔 𝑡h𝑎𝑡 𝑥0 𝑖𝑠 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑡h𝑒 𝑡h𝑟𝑒𝑒 𝑠𝑒𝑡 𝑑𝑜𝑢𝑔𝑙𝑎𝑠 𝑟𝑎𝑐h𝑓𝑜𝑟𝑑 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑖𝑛 𝑡h𝑖𝑠 𝑠𝑐𝑒𝑛𝑎𝑟𝑖𝑜.  

 

𝑇𝑜 𝑠h𝑜𝑤 𝑡h𝑎𝑡,  𝑤𝑒′𝑙𝑙 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑅𝐵 𝑎𝑛𝑑 𝑅𝐶 ,  𝑎𝑛𝑑 𝑡𝑜 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑅𝐵 𝑎𝑛𝑑 𝑅𝐶 ,  𝑤𝑒 𝑤𝑖𝑙𝑙 𝑢𝑠𝑒 𝑡h𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑠h𝑖𝑝  

𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡h𝑒 𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑎𝑛𝑑 𝑖𝑡′𝑠 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛,  𝑎𝑛𝑑 𝑤𝑒′𝑙𝑙 𝑎𝑙𝑠𝑜 𝑢𝑠𝑒   

𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑡h𝑎𝑡 𝐼 𝑏𝑢𝑖𝑙𝑡 𝑖𝑛 𝑚𝑎𝑡𝑙𝑎𝑏 𝑡h𝑎𝑡 𝑔𝑒𝑡𝑠 𝑎𝑠 𝑎𝑛 𝑖𝑛𝑝𝑢𝑡,  𝑡h𝑒 𝑠𝑙𝑜𝑝𝑒 𝑚 𝑎𝑛𝑑 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑏 𝑜𝑓 𝑎 𝑙𝑖𝑛𝑒,  

𝑎𝑛𝑑 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑝1,  𝑎𝑛𝑑 𝑟𝑒𝑡𝑢𝑟𝑛𝑠 𝑎𝑛𝑜𝑡h𝑒𝑟 𝑝𝑜𝑖𝑛𝑡 𝑝2,  𝑤h𝑖𝑐h 𝑖𝑠 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝1 𝑜𝑛 𝑡h𝑒 𝑙𝑖𝑛𝑒  

𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑒𝑑 𝑏𝑦 𝑚 𝑎𝑛𝑑 𝑏.  

  

𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡h𝑎𝑡 𝑖𝑓 𝑤𝑒 h𝑎𝑣𝑒 𝑎 𝑣𝑒𝑐𝑡𝑜𝑟 𝑣 𝑎𝑛𝑑 𝑎 𝑙𝑖𝑛𝑒 𝑙,  

𝑡h𝑒𝑛  

𝑅𝑒𝑓𝑙(𝑣) = 2𝑃𝑟𝑜𝑗𝑙(𝑣) − 𝑣,  𝑀𝑒𝑎𝑛𝑖𝑛𝑔 𝑡h𝑎𝑡 𝑡h𝑒 𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑣 𝑜𝑛 𝑙  

𝑖𝑠 2 𝑡𝑖𝑚𝑒𝑠 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑣 𝑜𝑛 𝑙,  𝑚𝑖𝑛𝑢𝑠 𝑡h𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 𝑣.  

  

𝑊𝑒 𝑐𝑎𝑛 𝑢𝑠𝑒 𝑜𝑢𝑟 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑡h𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑠h𝑖𝑝 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑅𝐵 𝑎𝑛𝑑 𝑅𝐴.  

  

𝑅𝐵(𝑥0) = 2𝑃𝐵(𝑥0) − 𝑥0  

𝑅𝐴(𝑥0) = 2𝑃𝐴(𝑥0) − 𝑥0  

  

𝐼𝑛 𝑜𝑢𝑟 𝑐𝑎𝑠𝑒,  

𝑤𝑒 𝑐𝑜𝑢𝑙𝑑 𝑤𝑟𝑖𝑡𝑒 𝐵 𝑎𝑛𝑑 𝐶 𝑎𝑠:  

𝐵: 𝑦1 =
1

√3
𝑥  

𝐶: 𝑦2 = −
1

√3
𝑥  

  

  

  

𝐿𝑒𝑡′𝑠 𝑑𝑜 𝑡h𝑖𝑠:  



 
 

 

𝑇h𝑎𝑡′𝑠 𝑜𝑢𝑟 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑓𝑖𝑔𝑢𝑟𝑒,  𝑤𝑖𝑡h 𝑎𝑙𝑙 𝑡h𝑒 𝑠𝑒𝑡𝑠,  𝑎𝑛𝑑 𝑥0 𝑚𝑎𝑟𝑘𝑒𝑑 𝑎𝑠 𝑎 𝑠𝑚𝑎𝑙𝑙 𝑦𝑒𝑙𝑙𝑜𝑤  

𝑐𝑖𝑟𝑐𝑙𝑒 𝑜𝑛 𝑡h𝑒 𝑟𝑒𝑑 𝑙𝑖𝑛𝑒.  

  

𝑁𝑜𝑤 𝑤𝑒 𝑤𝑎𝑛𝑡 𝑅𝐴𝑥0,  𝑠𝑖𝑛𝑐𝑒 𝐴 𝑖𝑠 𝑡h𝑒 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑙𝑖𝑛𝑒,  𝑤𝑒′𝑙𝑙 𝑗𝑢𝑠𝑡 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑖𝑡′𝑠 𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛  

𝑠𝑡𝑟𝑎𝑖𝑔h𝑡𝑓𝑜𝑟𝑤𝑎𝑟𝑑.  

𝑠𝑖𝑛𝑐𝑒 𝑥0 𝑖𝑠 (−√3,−1),   𝑡h𝑒𝑛 𝑅𝐴(𝑥0) = (√3,−1).  

𝐿𝑒𝑡′𝑠 𝑎𝑑𝑑 𝑡h𝑖𝑠 𝑡𝑜 𝑡h𝑒 𝑝𝑙𝑜𝑡:  

 

 

 

 

 

 

 



 
 

 

 

𝑁𝑜𝑤 𝑤𝑒 𝑤𝑎𝑛𝑡 𝑅𝐵𝑅𝐴𝑥0,  𝑤h𝑖𝑐h 𝑗𝑢𝑠𝑡 𝑚𝑒𝑎𝑛𝑠,  

𝑡𝑜 𝑟𝑒𝑓𝑙𝑒𝑐𝑡 𝑡h𝑒 𝑙𝑎𝑠𝑡 𝑝𝑜𝑖𝑛𝑡 𝑤𝑒 𝑔𝑜𝑡 𝑤h𝑖𝑐h 𝑖𝑠 (√3,−1),  𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑡𝑜 𝐵.  

  

𝐴𝑛𝑑 𝑡𝑜 𝑑𝑜 𝑡h𝑎𝑡,  𝐼′𝑣𝑒 𝑚𝑎𝑑𝑒 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑡h𝑎𝑡 𝑟𝑒𝑡𝑢𝑟𝑛𝑠 𝑚𝑒 𝑡h𝑒 𝑝𝑜𝑖𝑛𝑡 𝑤h𝑖𝑐h 𝑖𝑠 𝑡h𝑒 𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛  

𝑜𝑓 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑡𝑜 𝑎 𝑠𝑒𝑡.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

 

 

𝐴𝑛𝑑 𝑓𝑖𝑛𝑎𝑙𝑙𝑦,  𝑤𝑒 𝑤𝑎𝑛𝑡 𝑅𝐶𝑅𝐵𝑅𝐴𝑥0,  𝑤h𝑖𝑐h 𝑗𝑢𝑠𝑡 𝑚𝑒𝑎𝑛𝑠  

𝑡𝑜 𝑟𝑒𝑓𝑙𝑒𝑐𝑡 𝑜𝑢𝑟 𝑙𝑎𝑠𝑡 𝑝𝑜𝑖𝑛𝑡 𝑤h𝑖𝑐h 𝑖𝑠 (0,2),  𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑡𝑜 𝐶.  

  

𝐴𝑛𝑑 𝑜𝑛𝑐𝑒 𝑎𝑔𝑎𝑖𝑛 𝐼′𝑙𝑙 𝑑𝑜 𝑡h𝑖𝑠 𝑢𝑠𝑖𝑛𝑔 𝑡h𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖′𝑣𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑎 𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛.  

  

𝐴𝑛𝑑 𝑤𝑒 𝑠𝑒𝑒 𝑢𝑠𝑖𝑛𝑔 𝑡h𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝐼′𝑣𝑒 𝑚𝑎𝑑𝑒,  𝑡h𝑎𝑡 𝑡h𝑒 𝑜𝑢𝑡𝑝𝑢𝑡 (𝑤h𝑖𝑐h 𝑖𝑠 𝑡h𝑒 𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑒𝑑 𝑝𝑜𝑖𝑛𝑡),  

𝑖𝑠 (−√3,−1),  𝑤h𝑖𝑐h 𝑖𝑠 𝑗𝑢𝑠𝑡 𝑥0.  

𝑅𝐶𝑅𝐵𝑅𝐴𝑥0 = 𝑥0, 𝑚𝑒𝑎𝑛𝑖𝑛𝑔 𝑡h𝑎𝑡 𝑥0 ∈ 𝐹𝑖𝑥 𝑅𝐶𝑅𝐵𝑅𝐴𝑥0 . 𝑇h𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑥0 ∈ 𝐹𝑖𝑥
 𝐼+𝑅𝐶𝑅𝐵𝑅𝐴

2
 

𝑇h𝑒 𝑐𝑜𝑑𝑒 𝐼′𝑣𝑒 𝑢𝑠𝑒𝑑   



 
 

 

 

 

 

𝑀𝑒𝑎𝑛𝑖𝑛𝑔 𝑡h𝑎𝑡 𝑥0 𝑖𝑠 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑡h𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟.  

𝑀𝑒𝑎𝑛𝑖𝑛𝑔 𝑡h𝑎𝑡 𝑥0 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑡𝑜 𝑥0,  𝑛𝑜 𝑚𝑎𝑡𝑡𝑒𝑟 h𝑜𝑤 𝑚𝑎𝑛𝑦 𝑡𝑖𝑚𝑒 𝑤𝑒 𝑢𝑠𝑒 𝑡h𝑖𝑠 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟.  

  

𝐵𝑦 𝑑𝑜𝑢𝑔𝑙𝑎𝑠 𝑟𝑎𝑐h𝑓𝑜𝑟𝑑 𝑡h𝑒𝑜𝑟𝑒𝑚,    



 
 

𝑥0 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑠𝑙𝑜𝑤𝑙𝑦 𝑡𝑜 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑥 𝑠𝑢𝑐h 𝑡h𝑎𝑡 𝑃𝐴𝑥 ∈ 𝐴 ∩ 𝐵.  

  

  

𝐼𝑛 𝑜𝑢𝑟 𝑐𝑎𝑠𝑒,  

𝐴 ∩ 𝐵 ∩ 𝐶 = {(0,0}),  𝑎𝑛𝑑 𝑥0 𝑑𝑜𝑒𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒,  𝑡𝑜 𝑖𝑡𝑠𝑒𝑙𝑓,  𝑠𝑖𝑛𝑐𝑒 𝑖𝑡′𝑠 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡.  

𝐵𝑢𝑡 𝑖𝑓 𝑤𝑒 𝑐h𝑒𝑐𝑘  

𝑃𝐴𝑥0 = 𝑃𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑥0 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑡𝑜 𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑙𝑖𝑛𝑒 = (0,−1) ≠ (0,0)  

𝑃𝐵𝑥0 = 𝑈𝑠𝑖𝑛𝑔 𝑜𝑢𝑟 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑜𝑓 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑖𝑛𝑔 𝑎 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 = 𝑥0 = (−√3,−1)  

𝑃𝐶𝑥0 = 𝑈𝑠𝑖𝑛𝑔 𝑜𝑢𝑟 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑜𝑓 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑖𝑛𝑔 𝑎 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 = (−
√3

2
,
1

2
)  

  

 

  

  

  

𝐴𝑛𝑑 𝑤𝑒 𝑠𝑒𝑒 𝑡h𝑎𝑡 𝑡h𝑒 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 − 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑓𝑎𝑖𝑙𝑠 𝑓𝑜𝑟 𝑡h𝑒 𝑡h𝑟𝑒𝑒 𝑠𝑒𝑡 𝑚𝑒𝑡h𝑜𝑑.  

 

 

 

 

 

 

 

 

 

 

 

 



 
 

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐 (𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏 𝑹𝒆𝒗𝒊𝒔𝒊𝒕𝒆𝒅)  

  

𝑁𝑜𝑤 𝑤𝑒 𝑟𝑒𝑣𝑖𝑠𝑖𝑡 𝐸𝑥𝑎𝑚𝑝𝑙𝑒 1,  𝑏𝑢𝑡 𝑤𝑒′𝑟𝑒 𝑢𝑠𝑖𝑛𝑔 𝑎 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑎𝑝𝑝𝑟𝑜𝑎𝑐h.  

  

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡h𝑒 𝑐𝑦𝑐𝑙𝑖𝑐 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 −

𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑠𝑐h𝑒𝑚𝑒 𝑎𝑝𝑝𝑙𝑖𝑒𝑑 𝑡𝑜 𝑡h𝑒 𝑠𝑒𝑡𝑠 𝑜𝑓 𝑡h𝑒 𝑃𝑟𝑒𝑣𝑖𝑜𝑢𝑠 𝑒𝑥𝑎𝑚𝑝𝑙𝑒.  

𝐴𝑠 𝑏𝑒𝑓𝑜𝑟𝑒,  𝑙𝑒𝑡 𝑥0 = (−√3,−1).    

𝐵𝑦 𝑡h𝑒𝑜𝑟𝑒𝑚 2,  𝑡h𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 (𝑥𝑛) 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑡𝑜 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑥 𝑠𝑢𝑐h 𝑡h𝑎𝑡  

𝑃𝐴𝑥 = 𝑃𝐵𝑥 = 𝑃𝐶𝑥 = (0,0)  

  

  

𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡h𝑎𝑡 𝑓𝑜𝑟 𝑡𝑤𝑜 𝑠𝑒𝑡𝑠,  𝐴 𝑎𝑛𝑑 𝐵,  

𝑇𝐴,𝐵 =
𝐼+𝑅𝐵𝑅𝐴

2
⇒  

  

𝑇𝐴,𝐵𝑥 =
𝑥

2
+
𝑅𝐵𝑅𝐴𝑥

2
  

  

𝐼𝑛 𝑜𝑢𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒,  𝑤𝑒 h𝑎𝑣𝑒 𝑜𝑛𝑙𝑦 3 𝑠𝑒𝑡𝑠,  𝐴, 𝐵 𝑎𝑛𝑑 𝐶.  

𝑆𝑜 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑤𝑖𝑡h 𝑥0,  

𝑂𝑢𝑟 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒:  

𝑇𝐴,𝐵𝑥0  

𝑇𝐵,𝐶𝑇𝐴,𝐵𝑥0  

𝑇𝐶,𝐴𝑇𝐵,𝐶𝑇𝐴,𝐵𝑥0  

𝑎𝑛𝑑 𝑠𝑜 𝑜𝑛…  

  

𝐼𝑛 𝑜𝑟𝑑𝑒𝑟 𝑡𝑜 𝑑𝑜 𝑡h𝑖𝑠 𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦,  𝐼′𝑣𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑎 𝑐𝑜𝑑𝑒 𝑡h𝑎𝑡 𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑠 𝑜𝑛𝑒 𝑓𝑢𝑙𝑙 𝑐𝑦𝑐𝑙𝑖𝑐  

𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑎𝑡 𝑎 𝑡𝑖𝑚𝑒.  𝑇h𝑒 𝑐𝑜𝑑𝑒 𝑔𝑒𝑡𝑠 𝑎𝑠 𝑎𝑛 𝑖𝑛𝑝𝑢𝑡 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑥0,  𝑎𝑛𝑑 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑠 𝑓𝑜𝑟 𝑢𝑠  

𝑇𝐶,𝐴𝑇𝐵,𝐶𝑇𝐴,𝐵𝑥0,  𝑎𝑠𝑤𝑒𝑙𝑙 𝑎𝑠 𝑑𝑟𝑎𝑤𝑖𝑛𝑔 𝑡h𝑒 𝑙𝑖𝑛𝑒𝑠 𝑓𝑟𝑜𝑚 𝑥0 𝑡𝑜 𝑇𝐴,𝐵𝑥0,  𝑓𝑟𝑜𝑚   

𝑇𝐴,𝐵𝑥0 𝑡𝑜 𝑇𝐵,𝐶𝑇𝐴,𝐵𝑥0 𝑎𝑛𝑑 𝑠𝑜 𝑜𝑛.  

  

𝑇h𝑒𝑛 𝑤𝑒 𝑐𝑜𝑢𝑙𝑑 𝑙𝑒𝑡 𝑥1 = 𝑇𝐶,𝐴𝑇𝐵,𝐶𝑇𝐴,𝐵𝑥0 𝑎𝑛𝑑 𝑖𝑛𝑝𝑢𝑡 𝑥1 𝑓𝑜𝑟 𝑡h𝑒 𝑛𝑒𝑥𝑡 𝑐𝑦𝑐𝑙𝑖𝑐 𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛.  

  

After one run of the circularIteration (𝑰𝒏𝒑𝒖𝒕 𝒊𝒔 𝒙𝟎 = (−√𝟑,−𝟏)) 

 



 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑨𝒇𝒕𝒆𝒓 𝒕𝒘𝒐 𝒓𝒖𝒏𝒔 𝒐𝒇 𝒕𝐡𝒆 𝒄𝒊𝒓𝒄𝒖𝒍𝒂𝒓𝑰𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏 (𝑰𝒏𝒑𝒖𝒕 𝒊𝒔 𝒙𝟏 =  𝑻𝑪,𝑨𝑻𝑩,𝑪𝑻𝑨,𝑩𝒙𝟎)  

 

𝑊𝑒 𝑐𝑎𝑛 𝑠𝑒𝑒 𝑡h𝑎𝑡 𝑒𝑎𝑐h 𝑟𝑢𝑛 𝑜𝑓 𝑎𝑑𝑑𝑠 3 𝑙𝑖𝑛𝑒𝑠,  𝑡h𝑎𝑡 𝑖𝑠 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑤𝑒 h𝑎𝑣𝑒 3 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑠 𝑡𝑜 

 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒  

 

 

 

 

 

 

 

 

𝑨𝒇𝒕𝒆𝒓 𝒕𝐡𝒓𝒆𝒆 𝒓𝒖𝒏𝒔 𝒐𝒇 𝒕𝐡𝒆 𝒄𝒊𝒓𝒄𝒖𝒍𝒂𝒓𝑰𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏 (𝑰𝒏𝒑𝒖𝒕 𝒊𝒔 𝒙𝟐 = 𝑻𝑪,𝑨𝑻𝑩,𝑪𝑻𝑨,𝑩𝒙𝟏)  



 
 

 

 

 

 

 

 

 

 

𝑨𝒇𝒕𝒆𝒓 𝒇𝒐𝒖𝒓 𝒓𝒖𝒏𝒔 𝒐𝒇 𝒕𝐡𝒆 𝒄𝒊𝒓𝒄𝒖𝒍𝒂𝒓𝑰𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏 (𝑰𝒏𝒑𝒖𝒕 𝒊𝒔 𝒙𝟑 =  𝑻𝑪,𝑨𝑻𝑩,𝑪𝑻𝑨,𝑩𝒙𝟐)  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑊𝑒 𝑐𝑎𝑛 𝑠𝑒𝑒 𝑡h𝑎𝑡 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑖𝑛 𝑎 𝑠𝑝𝑖𝑟𝑎𝑙𝑙𝑦 𝑤𝑎𝑦 𝑡𝑜 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡.  

𝑊𝑒 𝑐𝑜𝑢𝑙𝑑 𝑟𝑢𝑛 𝑚𝑜𝑟𝑒 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠,  𝑎𝑛𝑑 𝑏𝑦 𝑡h𝑒 𝑡h𝑒𝑜𝑟𝑒𝑚,  𝑒𝑣𝑒𝑛𝑡𝑢𝑎𝑙𝑙𝑦 𝑤𝑒′𝑙𝑙 𝑔𝑒𝑡 𝑡𝑜 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑥 𝑠𝑢𝑐h 𝑡h𝑎𝑡   

𝑃𝐴𝑥 = 𝑃𝐵𝑥 = 𝑃𝐶𝑥 = (0,0).    

𝑊𝑒 𝑐𝑎𝑛 𝑎𝑙𝑠𝑜 𝑠𝑒𝑒 𝑖𝑛 𝑡h𝑒 𝑓𝑖𝑔𝑢𝑟𝑒,  𝑡h𝑎𝑡 𝑡h𝑒 𝑠𝑝𝑖𝑟𝑎𝑙 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 to the intersection point. 

 

 

 

 



 
 

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑 −  𝟐 𝑩𝒂𝒍𝒍𝒔 𝑺𝒄𝒆𝒏𝒂𝒓𝒊𝒐 (𝒖𝒔𝒊𝒏𝒈 𝒄𝒍𝒂𝒔𝒔𝒊𝒄 𝑫𝒐𝒖𝒈𝒍𝒂𝒔 𝑹𝒂𝒄𝒉𝒇𝒐𝒓𝒅)  

  

  

𝐼𝑛 𝑟𝑒𝑑 𝑙𝑖𝑛𝑒𝑠 𝑤𝑒 𝑠𝑒𝑒 𝑡h𝑒 𝑝𝑟𝑜𝑔𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑜𝑓 𝑡h𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 (𝑥𝑛),   𝑤h𝑒𝑟𝑒 𝑥𝑛+1 = 𝑇𝐴,𝐵𝑥𝑛  

𝐼𝑛 𝑏𝑙𝑢𝑒 𝑙𝑖𝑛𝑒𝑠 𝑤𝑒 𝑠𝑒𝑒 𝑡h𝑒 𝑝𝑟𝑜𝑔𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑜𝑓 𝑡h𝑒 𝑠h𝑎𝑑𝑜𝑤 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 (𝑃𝐴𝑥𝑛),  𝑤h𝑒𝑟𝑒 𝑤𝑒 𝑓𝑖𝑟𝑠𝑡 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒  

𝑥𝑛+1 𝑎𝑛𝑑 𝑡h𝑒𝑛 𝑤𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡 𝑖𝑡 𝑡𝑜 𝐴 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑡h𝑒 𝑛𝑒𝑥𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝑡h𝑒 𝑠h𝑎𝑑𝑜𝑤 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒.  

  

𝑭𝒊𝒓𝒔𝒕 𝒓𝒖𝒏 𝒐𝒇 𝒕𝐡𝒆 𝒂𝒍𝒈𝒐𝒓𝒊𝒕𝐡𝒎:  

𝐼𝑛𝑝𝑢𝑡𝑠:  

(𝑟1 = 3,  𝑟2 = 3,  𝑐𝑒𝑛𝑡𝑒𝑟1 = (−3,0),  𝑐𝑒𝑛𝑡𝑒𝑟2 = (3,0),  𝑎𝑛𝑑 𝑝0 = (5,7))  

 

 

 

 

 

 

 

 

𝑺𝒆𝒄𝒐𝒏𝒅 𝒓𝒖𝒏 𝒐𝒇 𝒕𝐡𝒆 𝒂𝒍𝒈𝒐𝒓𝒊𝒕𝐡𝒎:  

𝑇h𝑒 𝑖𝑛𝑝𝑢𝑡𝑠 𝑎𝑟𝑒 𝑡h𝑒 𝑠𝑎𝑚𝑒 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛,  𝑒𝑥𝑝𝑒𝑐𝑡 𝑓𝑜𝑟 𝑡h𝑒 𝑝𝑜𝑖𝑛𝑡 𝑝0 𝑤h𝑖𝑐h 𝑐h𝑎𝑛𝑔𝑒𝑠 𝑒𝑣𝑒𝑟𝑦 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛,  

𝑎𝑛𝑑 𝑖𝑛 𝑒𝑎𝑐h 𝑛𝑒𝑤 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛,  𝑤𝑒 𝑝𝑢𝑡 𝑡h𝑒 𝑛𝑒𝑤 𝑝0 𝑎𝑠 𝑎𝑛 𝑖𝑛𝑝𝑢𝑡.  

 

 

 

 

 

 

 

 



 
 

𝑻𝐡𝒊𝒓𝒅 𝒓𝒖𝒏 𝒐𝒇 𝒕𝐡𝒆 𝒂𝒍𝒈𝒐𝒓𝒊𝒕𝐡𝒎:  

 

 

 

 

 

 

 

 

 

 

 

 

𝟏𝟎𝒕𝐡 𝑹𝒖𝒏 𝒐𝒇 𝒕𝐡𝒆 𝒂𝒍𝒈𝒐𝒓𝒊𝒕𝐡𝒎:  

 

 

 

 

 

 

 

𝑍𝑜𝑜𝑚𝑖𝑛𝑔 𝑖𝑛 𝑡𝑜 𝑠𝑒𝑒 𝑡h𝑒 𝑝𝑟𝑜𝑔𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑜𝑓 𝑡h𝑒 𝑆h𝑎𝑑𝑜𝑤 𝑆𝑒𝑞𝑢𝑒𝑛𝑐𝑒,  𝑤𝑒 𝑐𝑎𝑛 𝑠𝑒𝑒 

𝑇h𝑎𝑡 𝑡h𝑒 𝑠h𝑎𝑑𝑜𝑤 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑑𝑜𝑒𝑠 𝑠𝑙𝑜𝑤𝑙𝑦 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒 𝑡𝑜 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑡h𝑎𝑡 𝑏𝑒𝑙𝑜𝑛𝑔𝑠 𝑡𝑜 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛  

𝑜𝑓 𝑡h𝑒 𝑡𝑤𝑜 𝑠𝑒𝑡𝑠.  

 

 

 

 

 

 



 
 

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒 − 𝟑 𝑩𝒂𝒍𝒍𝒔 𝑺𝒄𝒆𝒏𝒂𝒓𝒊𝒐 (𝒖𝒔𝒊𝒏𝒈 𝒄𝒚𝒄𝒍𝒊𝒄 𝑫𝒐𝒖𝒈𝒍𝒂𝒔 𝑹𝒂𝒄𝒉𝒇𝒐𝒓𝒅)  

 

𝐵𝑦 𝑇h𝑒𝑜𝑟𝑒𝑚 2,  𝑓𝑜𝑟 𝑡h𝑒 𝑐𝑦𝑐𝑙𝑖𝑐 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑,  

𝑇h𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 (𝑥𝑛) 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑡𝑜 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑥 𝑠𝑢𝑐h 𝑡h𝑎𝑡 𝑃𝐴𝑥 = 𝑃𝐵𝑥 = 𝑃𝐶𝑥,  𝑎𝑛𝑑 𝑃𝑗𝑥 ∈ 𝐴 ∩ 𝐵 ∩

𝐶 ∀ 𝑗 ∈ {𝐴, 𝐵, 𝐶}.  

  

𝐴𝑠 𝑖𝑛𝑝𝑢𝑡𝑠 𝑓𝑜𝑟 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚,  

𝐼 𝑔𝑎𝑣𝑒 3 𝑐𝑖𝑟𝑐𝑙𝑒𝑠 (3 𝑠𝑒𝑡𝑠):  

𝐴 ≔ 𝐶𝑖𝑟𝑐𝑙𝑒 𝑤𝑖𝑡h 𝑅𝑎𝑑𝑖𝑢𝑠 3 𝑎𝑛𝑑 𝑐𝑒𝑛𝑡𝑒𝑟 (−3,0)  

𝐵 ≔ 𝐶𝑖𝑟𝑐𝑙𝑒 𝑤𝑖𝑡h 𝑅𝑎𝑑𝑖𝑢𝑠 3 𝑎𝑛𝑑 𝑐𝑒𝑛𝑡𝑒𝑟 (3,0)  

𝐶 ≔ 𝐶𝑖𝑟𝑐𝑙𝑒 𝑤𝑖𝑡h 𝑅𝑎𝑑𝑖𝑢𝑠 3 𝑎𝑛𝑑 𝑐𝑒𝑛𝑡𝑒𝑟 (0,3)  

𝑎𝑛𝑑 𝑎𝑛 𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝑝𝑜𝑖𝑛𝑡 𝑃 = (5,7)  

𝐴 𝑣𝑒𝑟𝑦 𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑐 𝑐h𝑜𝑖𝑐𝑒 𝑡𝑜 h𝑎𝑣𝑒 𝑜𝑛𝑙𝑦 𝑜𝑛𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡 𝑎𝑡 𝐴 ∩ 𝐵 ∩ 𝐶 = {(0,0)}.  

  

𝑆𝑖𝑛𝑐𝑒 𝑖𝑡′𝑠 𝑡h𝑒 𝑐𝑦𝑐𝑙𝑖𝑐 𝐷𝑅 𝑚𝑒𝑡h𝑜𝑑,  𝑒𝑎𝑐h 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑠 3 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑖𝑜𝑛𝑠: 𝑇𝐴𝐵,  𝑇𝐵𝐶 , 𝑇𝐶𝐴,  

𝑠𝑜 𝑖𝑛 𝑡h𝑒 𝑝𝑙𝑜𝑡 𝑡h𝑒𝑟𝑒 𝑎𝑟𝑒 𝑎𝑙𝑠𝑜 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑐𝑜𝑙𝑜𝑟𝑒𝑑 𝑙𝑖𝑛𝑒𝑠:  

𝑅𝑒𝑑 𝑓𝑜𝑟 𝑇𝐴𝐵 𝑜𝑓 𝑡h𝑒 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛,  

𝐵𝑙𝑢𝑒 𝑓𝑜𝑟 𝑇𝐵𝐶  𝑜𝑓 𝑡h𝑒 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛,  

𝑎𝑛𝑑 𝐺𝑟𝑒𝑒𝑛 𝑓𝑜𝑟 𝑇𝐶𝐴 𝑜𝑓 𝑡h𝑒 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛.  

 

𝑭𝒊𝒓𝒔𝒕 𝒊𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏:  

 

 

 

 

 

 

 

𝑺𝒆𝒄𝒐𝒏𝒅 𝑰𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏:  

 

 



 
 

𝑻𝐡𝒊𝒓𝒅 𝑰𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏:  

 

 

 

 

 

 

 

𝟏𝟎𝒕𝐡 𝑰𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏:  

 

 

 

 

 

 

 

𝟓𝟎𝒕𝐡 𝑰𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏:  

 

 

 

 

 

 

 

 

 



 
 

𝑊𝑒 𝑐𝑎𝑛 𝑠𝑒𝑒 𝑡h𝑎𝑡 𝑡h𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 (𝑥𝑛) 𝑑𝑜𝑒𝑠 𝑠𝑙𝑜𝑤𝑙𝑦 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒 𝑡𝑜 𝑠𝑜𝑚𝑒 𝑣𝑎𝑙𝑢𝑒 𝑥,    

𝑠𝑢𝑐h 𝑡h𝑎𝑡 𝑃𝐴𝑥 = 𝑃𝐵𝑥 = 𝑃𝐶𝑥 = 𝑇h𝑒𝑖𝑟 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡 = (0,0).  

𝑊𝑒 𝑐𝑎𝑛 𝑎𝑙𝑠𝑜 𝑠𝑒𝑒 𝑡h𝑎𝑡 𝑡h𝑒 𝑏𝑙𝑢𝑒 𝑙𝑖𝑛𝑒 h𝑎𝑠 𝑑𝑖𝑠𝑎𝑝𝑝𝑒𝑎𝑟𝑒𝑑 𝑜𝑛𝑙𝑦 𝑎𝑓𝑡𝑒𝑟 𝑜𝑛𝑒 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛.  

𝑇h𝑒 𝑟𝑒𝑎𝑠𝑜𝑛 𝑓𝑜𝑟 𝑡h𝑎𝑡 𝑖𝑠 𝑡h𝑒 𝑓𝑎𝑐𝑡 𝑡h𝑎𝑡 𝑖𝑓 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 𝑎𝑙𝑟𝑒𝑎𝑑𝑦 𝑖𝑛 𝑎 𝑠𝑒𝑡,  𝑡h𝑒𝑛 𝑖𝑡′𝑠 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑟 𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛  

𝑜𝑛𝑡𝑜 𝑡h𝑎𝑡 𝑠𝑒𝑡,  𝑖𝑠 𝑗𝑢𝑠𝑡 𝑡h𝑒 𝑠𝑎𝑚𝑒 𝑝𝑜𝑖𝑛𝑡.  

 

 

 

 

𝑆𝑎𝑚𝑒 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 𝑗𝑢𝑠𝑡 𝑖𝑛𝑠𝑡𝑒𝑎𝑑 𝑜𝑓 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑛𝑔 𝑥0 𝑡𝑜 𝑇𝐴,𝐵𝑥0 𝑡𝑜 𝑇𝐵,𝐶𝑇𝐴,𝐵𝑥0 𝑎𝑛𝑑 𝑠𝑜 𝑜𝑛,  

𝑤𝑒 𝑖𝑚𝑚𝑒𝑑𝑖𝑎𝑡𝑒𝑙𝑦 𝑐𝑜𝑛𝑛𝑒𝑐𝑡 𝑥0 𝑡𝑜 𝑇𝐶,𝐴𝑇𝐵,𝐶𝑇𝐴,𝐵𝑥0:  

 

 

 

 

 

 

 

 

 

𝑨𝒇𝒕𝒆𝒓 𝟏𝟎𝟎 + 𝑰𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏𝒔:  

 

 

 

 

 

 

 

 



 
 

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓 −𝑵𝒐𝒏𝒄𝒐𝒏𝒗𝒆𝒙 𝒆𝒙𝒂𝒎𝒑𝒍𝒆 𝒐𝒇 𝒂 𝑪𝒊𝒓𝒄𝒍𝒆 𝒂𝒏𝒅 𝒂 𝑳𝒊𝒏𝒆  

  

𝐼𝑛 𝐵𝑙𝑎𝑐𝑘 𝑙𝑖𝑛𝑒𝑠 − 𝑝𝑟𝑜𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑜𝑓 (𝑥𝑛)  

𝐼𝑛 𝐵𝑙𝑢𝑒 𝐿𝑖𝑛𝑒𝑠 − 𝑝𝑟𝑜𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑜𝑓 𝑡h𝑒 𝑠h𝑎𝑑𝑜𝑤 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 (𝑃𝐴𝑥𝑛),  

𝑊𝑒 𝑠𝑒𝑒 𝑡h𝑎𝑡 𝑡h𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 (𝑥𝑛) 𝑑𝑜𝑒𝑠 𝑠𝑙𝑜𝑤𝑙𝑦 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒 𝑡𝑜 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑥,  𝑠𝑢𝑐h 𝑡h𝑎𝑡  

𝑃𝐴𝑥 ∈ 𝐴 ∩ 𝐵.  

  

The initial inputs are: 

𝑚 = 0 (𝑙𝑖𝑛𝑒 𝑤𝑖𝑡h 𝑠𝑙𝑜𝑝𝑒 0)  

𝑏 = 3 (𝑦 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑜𝑓 𝑡h𝑒 𝑙𝑖𝑛𝑒)  

𝑟 = 3 (𝑟𝑎𝑑𝑖𝑢𝑠)  

𝑐𝑒𝑛𝑡𝑒𝑟 = (0,0),  𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 𝑡h𝑒 𝑐𝑖𝑟𝑐𝑙𝑒  

𝑝 = (5,7),  𝑝 = 𝑥0  

  

𝑭𝒊𝒓𝒔𝒕 𝑰𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏:  

 

 

 

 

 

 

𝐒𝐞𝐜𝐨𝐧𝐝 𝐈𝐭𝐞𝐫𝐚𝐭𝐢𝐨𝐧:  

 

 

 

 

 

 

𝑻𝐡𝒊𝒓𝒅 𝑰𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏:  

 



 
 

 

 

 

 

 

 

𝟏𝟎𝒕𝐡 𝑰𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏:  

 

 

 

 

 

 

We see that the shadow sequence does converge to the point of intersection of the two sets 

 

 

 

 

 

 

 

 

 

 

 



 
 

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔 − 𝑽𝒐𝒏 𝑵𝒆𝒖𝒎𝒂𝒏𝒏 𝑨𝒍𝒕𝒆𝒓𝒏𝒂𝒕𝒊𝒏𝒈 𝑷𝒓𝒐𝒋𝒆𝒄𝒕𝒊𝒐𝒏 𝑴𝒆𝒕𝒉𝒐𝒅  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑊𝑒 𝑐𝑎𝑛 𝑠𝑒𝑒 𝑡h𝑎𝑡 𝑡h𝑖𝑠 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑎𝑙𝑠𝑜 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑡𝑜 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑡h𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 𝑎𝑛𝑑  

𝑡h𝑒 𝑠𝑡𝑟𝑎𝑖𝑔h𝑡 𝑙𝑖𝑛𝑒.  

 

 

 

 

 

 

 



 
 

𝟓.  𝑭𝒆𝒂𝒔𝒊𝒃𝒊𝒍𝒊𝒕𝒚 𝑷𝒓𝒐𝒃𝒍𝒆𝒎𝒔 𝒊𝒏 𝒕𝒉𝒆 𝑷𝒓𝒐𝒅𝒖𝒄𝒕 𝑺𝒑𝒂𝒄𝒆  

  

𝐺𝑖𝑣𝑒𝑛 𝐶1, 𝐶2, … , 𝐶𝑛 ⊂ ℝ
𝑚,  𝑡h𝑒 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑎𝑠𝑘𝑠:  

𝐹𝑖𝑛𝑑 𝑥 ∈⋂𝐶𝑖 ⊂ (ℝ
𝑚)𝑁

𝑁

𝑖=1

 

  

𝐴 𝑔𝑟𝑒𝑎𝑡 𝑚𝑎𝑛𝑦 𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑟𝑒𝑐𝑜𝑛𝑠𝑡𝑟𝑐𝑢𝑡𝑖𝑜𝑛 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠,  𝑏𝑜𝑡h 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑛𝑑 𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑜𝑟𝑖𝑎𝑙   

𝑐𝑎𝑛 𝑏𝑒 𝑐𝑎𝑠𝑡 𝑤𝑖𝑡h𝑖𝑛 𝑡h𝑖𝑠 𝑓𝑟𝑎𝑚𝑒𝑤𝑜𝑟𝑘.  

  

𝑊h𝑎𝑡′𝑠 𝑔𝑜𝑜𝑑 𝑎𝑏𝑜𝑢𝑡 𝑡h𝑖𝑠 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛,  𝑖𝑠 𝑛𝑜𝑡 𝑗𝑢𝑠𝑡 𝑡h𝑎𝑡 𝑡h𝑒 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑝𝑟𝑜𝑏𝑙𝑒𝑚,  𝑐𝑎𝑛 𝑏𝑒 𝑡𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑒𝑑  

𝑖𝑛𝑡𝑜 𝑎 𝑓𝑒𝑎𝑠𝑖𝑙𝑏𝑖𝑙𝑖𝑡𝑦 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑡𝑤𝑜 𝑠𝑒𝑡𝑠,  𝑎𝑠 𝑤𝑒′𝑣𝑒 𝑠𝑒𝑒𝑛 𝑎𝑏𝑜𝑣𝑒,  𝑡h𝑎𝑡 𝑖𝑛 𝑡h𝑎𝑡 𝑐𝑎𝑠𝑒 𝑡h𝑒 𝑐𝑙𝑎𝑠𝑠𝑖𝑐  

𝑑𝑜𝑢𝑔𝑙𝑎𝑠 𝑟𝑎𝑐h𝑓𝑜𝑟𝑑 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑑𝑜𝑒𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒.  

𝑏𝑢𝑡 𝑎𝑙𝑠𝑜 𝑡h𝑎𝑡 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑜𝑛𝑡𝑜 𝑡h𝑒 𝑠𝑒𝑡𝑠 𝑤h𝑖𝑐h 𝑤𝑒′𝑙𝑙 𝑠𝑜𝑜𝑛 𝑠𝑒𝑒,  𝐶1, . . , 𝐶𝑁,  h𝑎𝑣𝑒 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑓𝑜𝑟𝑚   

𝑜𝑓 𝑃𝐶1 , 𝑃𝐶2 , … , 𝑃𝐶𝑁 ,  𝑎𝑠 𝑦𝑒𝑡 𝑎𝑔𝑎𝑖𝑛,  𝑠𝑜𝑜𝑛 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑠h𝑜𝑤𝑛.  

  

  

𝐷𝑒𝑓𝑖𝑛𝑒 𝑡𝑤𝑜 𝑠𝑒𝑡𝑠 𝐶, 𝐷 ⊂ (ℝ𝑚)𝑁 𝑏𝑦   

𝐶 ≔ ∏ 𝐶𝑖
𝑁
𝑖=1 ,  𝑡h𝑒 𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡h𝑒 𝑠𝑒𝑡𝑠 𝐶𝑖,  

𝑆𝑢𝑐h 𝑡h𝑎𝑡   

𝐶 ≔ {(𝑐1, 𝑐2, … , 𝑐𝑁) ∈ (ℝ
𝑚)𝑁|𝑐𝑖 ∈ 𝐶𝑖 ⊂ ℝ

𝑚 ∀𝑖 ∈ {1,… , 𝑁}},    

𝐷 ≔ {(𝑥, 𝑥, … , 𝑥) ∈ (ℝ𝑚)𝑁: 𝑥 ∈ ℝ𝑚}.  

𝑊h𝑖𝑙𝑒 𝑡h𝑒 𝑠𝑒𝑡 𝐷,  𝑡h𝑒 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙,  𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒,  𝑡h𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 𝑜𝑓 𝐶 𝑎𝑟𝑒 𝑙𝑎𝑟𝑔𝑒𝑙𝑦 𝑖𝑛h𝑒𝑟𝑖𝑡𝑒𝑑.    

𝐹𝑜𝑟 𝑖𝑛𝑠𝑡𝑎𝑛𝑐𝑒,  𝑤h𝑒𝑛 𝐶1, 𝐶2, … , 𝐶𝑛 𝑎𝑟𝑒 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 𝑐𝑜𝑛𝑣𝑒𝑥,  𝑠𝑜 𝑖𝑠 𝐶.  

  

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟,  𝑛𝑜𝑤,  𝑡h𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑝𝑟𝑜𝑏𝑙𝑒𝑚:  

  

(4) 𝐹𝑖𝑛𝑑 𝑥 ∈ 𝐶 ∩ 𝐷 ∈ (ℝ𝑚)𝑁  

𝐸𝑞𝑢𝑖𝑙𝑣𝑎l𝑒𝑛𝑡 𝑖𝑛 𝑡h𝑒 𝑠𝑒𝑛𝑠𝑒 𝑡h𝑎𝑡   

𝑥 ∈⋂𝐶𝑖 ⇔ (𝑥, 𝑥, … , 𝑥) ∈ 𝐶 ∩ 𝐷

𝑁

𝑖=1

. 

𝑀𝑜𝑟𝑒𝑜𝑣𝑒𝑟,   𝑘𝑛𝑜𝑤𝑖𝑛𝑔 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑜𝑛𝑡𝑜 𝐶1, 𝐶2, … , 𝐶𝑛,  𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑜𝑛𝑡𝑜 𝐶 𝑎𝑛𝑑 𝐷 𝑐𝑎𝑛 𝑏𝑒 𝑒𝑎𝑠𝑖𝑙𝑦   

𝑐𝑜𝑚𝑝𝑢𝑡𝑒𝑑.  𝑇h𝑒 𝑝𝑟𝑜𝑜𝑓 h𝑎𝑠 𝑟𝑒𝑐𝑜𝑢𝑟𝑠𝑒 𝑡𝑜 𝑡h𝑒 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑐h𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑜𝑟𝑡h𝑜𝑔𝑜𝑛𝑎𝑙 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛,  

𝑝 = 𝑃𝐷𝑥 ⇔  < 𝑥 − 𝑝, 𝑑 >= 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑑 ∈ 𝐷.  

  



 
 

  

𝑁𝑜𝑤 𝑤𝑒′𝑙𝑙 𝑠h𝑜𝑤𝑛 𝑎𝑛 𝑒𝑥𝑎𝑚𝑝𝑙𝑒,  𝑤h𝑦 𝑡h𝑖𝑠 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑣𝑒𝑟𝑦 𝑢𝑠𝑒𝑓𝑢𝑙 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑡h𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑡h𝑒  

𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑝𝑟𝑜𝑏𝑙𝑒𝑚.  

  

𝑊𝑒′𝑙𝑙 𝑠h𝑜𝑤 h𝑜𝑤 𝑖𝑡 𝑤𝑜𝑟𝑘𝑠 𝑖𝑛 𝑡𝑤𝑜 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑠,  𝑏𝑢𝑡 𝑡h𝑒 𝑖𝑑𝑒𝑎 𝑐𝑜𝑢𝑙𝑑 𝑏𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 𝑎𝑛𝑑 𝑒𝑥𝑡𝑒𝑛𝑑𝑒𝑑 𝑓𝑜𝑟   

𝑒𝑣𝑒𝑟𝑦 𝑤h𝑜𝑙𝑒 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛.  

  

𝐿𝑒𝑡′𝑠 𝑠𝑡𝑎𝑟𝑡 𝑤𝑖𝑡h 𝑡𝑤𝑜 𝑠𝑒𝑡𝑠:  

𝐶1 = [2,8] ⊂ ℝ
1  

𝐶2 = [3,6] ⊂ ℝ
1  

  

𝑤𝑒 𝑤𝑎𝑛𝑡 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑥 𝑠𝑢𝑐h 𝑡h𝑎𝑡 𝑥 ∈ 𝐶1 ∩ 𝐶2,     

𝐶1 ∩ 𝐶2 = [3,6] ⊂ ℝ
1   

𝑠𝑜 𝑒𝑣𝑒𝑟𝑦 𝑥 𝑖𝑛 [3,6] 𝑤𝑖𝑙𝑙 𝑏𝑒𝑙𝑜𝑛𝑔 𝑡𝑜 𝑡h𝑎𝑡 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛.  

  

𝑊h𝑒𝑛 𝑤𝑒 𝑑𝑒𝑓𝑖𝑛𝑒 𝐶 ≔ 𝐶1𝑥𝐶2,  𝑤𝑒 𝑔𝑒𝑡 𝑡h𝑎𝑡 𝐶 ⊂

ℝ2,  𝑎𝑛𝑑 𝑖𝑛 𝑓𝑎𝑐𝑡, 𝑤𝑒 𝑔𝑒𝑡 𝑎 𝑟𝑒𝑐𝑡𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑠h𝑎𝑝𝑒 𝑖𝑛 ℝ2,  𝑤h𝑖𝑐h 𝑖𝑠 𝑡h𝑒 𝑠𝑒𝑡 𝐶1𝑥𝐶2.  

𝑎𝑛𝑑 𝐷 ≔ {(𝑥, 𝑥, … , 𝑥) ∈ (ℝ𝑚)𝑁: 𝑥 ∈ ℝ𝑚} 𝑖𝑛 𝑡h𝑒 𝑡𝑤𝑜 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ,  

𝑤𝑒′𝑙𝑙 𝑔𝑒𝑡 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑥 = 𝑦,  𝑤h𝑖𝑐h 𝑖𝑠 𝑎 𝑣𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑡𝑦𝑝𝑒 𝑡h𝑒 𝑓𝑜𝑟𝑚 (𝑥, 𝑥),   𝑤h𝑒𝑟𝑒 𝑥 ∈ ℝ.  

  

𝑁𝑜𝑤,  𝑛𝑜𝑡𝑖𝑐𝑒 𝑡h𝑎𝑡 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡h𝑒 𝑠𝑒𝑡𝑠 𝑖𝑠 𝑜𝑛𝑒 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙,  𝑎𝑛𝑑 𝑡h𝑎𝑡 𝑡h𝑒𝑖𝑟 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑖𝑠 𝑡𝑤𝑜   

𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙,  𝑎𝑛𝑑 𝑠𝑜 𝑖𝑠 𝑦 = 𝑥,  𝑜𝑟 𝐷.  

𝑏𝑢𝑡 𝑓𝑖𝑛𝑑𝑖𝑛𝑔 𝑎 𝑣𝑒𝑐𝑡𝑜𝑟 (𝑥, 𝑥, … , 𝑥) ∈ 𝐶 ∩ 𝐷,  𝑜𝑟 𝑖𝑛 𝑜𝑢𝑟 𝑐𝑎𝑠𝑒,  

(𝑥, 𝑥) ∈ (𝐶1𝑥𝐶2) ∩ 𝐷,  𝑤𝑒 𝑔𝑒𝑡 𝑝𝑟𝑒𝑐𝑖𝑠𝑒𝑙𝑦 𝑎𝑙𝑙 𝑡h𝑒 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑜𝑓 𝑡h𝑒 𝑓𝑜𝑟𝑚 (𝑐1, 𝑐1),   𝑤h𝑒𝑟𝑒 𝑐1 ∈ [3,6],  

𝑆𝑜 𝑤𝑒 𝑐𝑎𝑛 𝑡𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑒 𝑏𝑎𝑐𝑘 𝑓𝑟𝑜𝑚 𝑅2,  𝑡𝑜 𝑓𝑖𝑛𝑑 𝑜𝑢𝑟 𝑥 𝑡h𝑎𝑡 𝑖𝑠 𝑖𝑛 ℝ 𝑡h𝑎𝑡 𝑏𝑒𝑙𝑜𝑛𝑔𝑠 𝑡𝑜 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝐶1 ∩

𝐶2.  

  

𝑇h𝑒 𝑠𝑝𝑎𝑐𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑎𝑙𝑙𝑜𝑤𝑠 𝑢𝑠 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑒𝑡𝑠,    

𝑏𝑦 𝑔𝑜𝑖𝑛𝑔 𝑡𝑜 𝑎 h𝑖𝑔h𝑒𝑟 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛,  𝑎𝑛𝑑 𝑢𝑠𝑖𝑛𝑔 𝑡h𝑒 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑠𝑒𝑡 𝑡𝑜 𝑔𝑒𝑡 𝑎 𝑣𝑒𝑐𝑡𝑜𝑟 𝑖𝑛 𝑡h𝑎𝑡 h𝑖𝑔h𝑒𝑟 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛,    

𝑤h𝑜𝑠𝑒 𝑎𝑙𝑙 𝑒𝑛𝑡𝑟𝑖𝑒𝑠 𝑎𝑟𝑒 𝑡h𝑒 𝑠𝑎𝑚𝑒,  

𝑎𝑛𝑑 𝑤𝑒 𝑐𝑎𝑛 𝑡𝑎𝑘𝑒 𝑡h𝑒 𝑒𝑛𝑡𝑟𝑖𝑒𝑠 𝑏𝑎𝑐𝑘 𝑡𝑜 𝑡h𝑒 𝑙𝑜𝑤𝑒𝑟 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛,  𝑡𝑜 𝑓𝑖𝑛𝑑 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡,  𝑖𝑛 𝑡h𝑒 𝑙𝑜𝑤𝑒𝑟   

𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛.  

  

  

  



 
 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑 (𝑷𝒓𝒐𝒅𝒖𝒄𝒕 𝑷𝒓𝒐𝒋𝒆𝒄𝒕𝒊𝒐𝒏𝒔)  

  

𝐿𝑒𝑡 𝑥 = (𝑥1, … , 𝑥𝑁) ∈ (ℝ
𝑚)𝑁.    

𝑇h𝑒𝑛   

𝑃𝐷𝑥 = (
1

𝑁
∑ 𝑥𝑖
𝑁
𝑖=1 , … ,

1

𝑁
∑ 𝑥𝑖
𝑁
𝑖=1 ),  

𝑎𝑛𝑑 𝑖𝑓 𝑃𝐶1(𝑥1),… , 𝑃𝐶𝑁(𝑥𝑁) 𝑎𝑟𝑒 𝑛𝑜𝑛𝑒𝑚𝑝𝑡𝑦 𝑡h𝑒𝑛  

𝑃𝐶(𝑥) = ∏ 𝑃𝐶𝑖(𝑥𝑖)
𝑁
𝑖=1 .  

  

  

𝐹𝑜𝑟 𝑐𝑙𝑎𝑟𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛: 

  

𝑥 = (𝑥1, … , 𝑥𝑁) ∈ (ℝ
𝑚)𝑁 𝑚𝑒𝑎𝑛𝑠 𝑡h𝑎𝑡 𝑥𝑖 ∈ ℝ

𝑚 ∀ 𝑖 ,  𝑤h𝑖𝑐h 𝑚𝑒𝑎𝑛𝑠 𝑡h𝑎𝑡 𝑥𝑖 =

(

 
 

𝑐1
𝑐2
.
.
𝑐𝑚)

 
 
∈ ℝ𝑚 ,  𝑐𝑗 ∈

ℝ ∀ 𝑖, 𝑗.    

  

  

  

𝑷𝒓𝒐𝒐𝒇   

  

𝑭𝒐𝒓 𝒕𝒉𝒆 𝒔𝒆𝒕 𝑫:  

  

𝐿𝑒𝑡 (𝑝,… ,  𝑝) ∈ 𝐷 𝑏𝑒 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑥 𝑜𝑛𝑡𝑜 𝐷 .  𝐹𝑜𝑟 𝑎𝑛𝑦 𝑑 ∈ ℝ𝑚 ,  𝑜𝑛𝑒 h𝑎𝑠 (𝑑,… , 𝑑) ∈ 𝐷.  

  

𝑁𝑜𝑤   

0 =< 𝑥 − (𝑝,… , 𝑝), (𝑑, … , 𝑑) >  =< (𝑥1, 𝑥2, … , 𝑥𝑁) − (𝑝,… , 𝑝), (𝑑, … , 𝑑) >  =    

< 𝑥1 − 𝑝, 𝑑 >  +  < 𝑥2 − 𝑝, 𝑑 >  +⋯+  < 𝑥𝑁 − 𝑝, 𝑑 >  =  

∑ < 𝑥𝑖 − 𝑝, 𝑑 >  𝑁
𝑖=1 =< ∑ (𝑥𝑖 − 𝑝)

𝑁
𝑖=1 , 𝑑 >  =< ∑ 𝑥𝑖

𝑁
𝑖=1 −𝑁𝑝, 𝑑 >  = 0  

  

𝑇h𝑒𝑟𝑒𝑓𝑜𝑟𝑒 ∑ 𝑥𝑖 −𝑁𝑝
𝑁
𝑖=1 = 0 ⇔ 𝑝 =

1

𝑁
∗ ∑ 𝑥𝑖

𝑁
𝑖=1 .  

𝑇h𝑖𝑠 𝑝𝑟𝑜𝑣𝑒𝑠 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑛𝑡𝑜 𝐷.  

  

𝒇𝒐𝒓 𝒕𝒉𝒆 𝒔𝒆𝒕 𝑪:  



 
 

  

𝑊𝑒 𝑛𝑜𝑤 𝑝𝑟𝑜𝑣𝑒 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 𝑓𝑜𝑟 𝐶.  

  

𝑊𝑒′𝑙𝑙 𝑑𝑜 𝑡h𝑖𝑠 𝑏𝑦 𝑓𝑖𝑟𝑠𝑡,  𝑝𝑟𝑜𝑣𝑒 𝑡h𝑎𝑡 𝑒𝑣𝑒𝑟𝑦 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑁) ∈ (ℝ
𝑚)𝑁 𝑠𝑢𝑐h 𝑡h𝑎𝑡  

𝑥 ∈ ∏ 𝑃𝐶𝑖(𝑥𝑖)
𝑁
𝑖=1 ⇒ 𝑥 ∈ 𝑃𝐶(𝑥) 𝑚𝑒𝑎𝑛𝑖𝑛𝑔 𝑡h𝑎𝑡∏ 𝑃𝐶𝑖(𝑥𝑖)

𝑁
𝑖=1 ⊆  𝑃𝐶𝑥  

𝑎𝑛𝑑 𝑡h𝑒𝑛 𝑤𝑒′𝑙𝑙 𝑠h𝑜𝑤 𝑡h𝑒 𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒.  

  

  

𝐹𝑜𝑟 𝑎𝑛𝑦 𝑐 = (𝑐1, … , 𝑐𝑁) ∈ 𝐶 𝑎𝑛𝑑 𝑝 = (𝑝1, . . , 𝑝𝑁) ∈ ∏ 𝑃𝐶𝑖(𝑥𝑖)
𝑁
𝑖=1 ⊆ 𝐶,  

||𝑥 − 𝑐||
2
= ∑ ||𝑥𝑖 − 𝑐𝑖||

2𝑁
𝑖=1 ≥ ∑ ||𝑥𝑖 − 𝑝𝑖||

2𝑁
𝑖=1 = ||𝑥 − 𝑝||

2
.  

  

𝑆𝑖𝑛𝑐𝑒 𝑃𝐶(𝑥) ⊆ 𝐶,   𝑡h𝑖𝑠 𝑠h𝑜𝑤𝑠  ∏ 𝑃𝐶𝑖(𝑥𝑖)
𝑁
𝑖=1 ⊆ 𝑃𝐶𝑥  

  

𝑡𝑜 𝑐𝑙𝑎𝑟𝑖𝑓𝑦,    

𝑝 = (𝑝1, . . , 𝑝𝑁) ∈ ∏ 𝑃𝐶𝑖(𝑥𝑖)
𝑁
𝑖=1 ⊆ 𝐶   

𝑚𝑒𝑎𝑛𝑠 𝑡h𝑎𝑡 𝑝𝑖 ∈ 𝑃𝐶𝑖(𝑥𝑖) ∈ ℝ
𝑚  ∀ 𝑖.    

𝐴𝑛𝑑   

∏ 𝑃𝐶𝑖(𝑥𝑖)
𝑁
𝑖=1  𝑖𝑠 𝑖𝑛𝑑𝑒𝑒𝑑 𝑎 𝑠𝑢𝑏𝑠𝑒𝑡 𝑠𝑒𝑡 𝑜𝑟 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝐶,  

𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝐶 ≔ ∏ 𝐶𝑖
𝑁
𝑖=1   

𝑎𝑛𝑑 𝑒𝑎𝑐h 𝑃𝐶𝑖(𝑥𝑖) ⊆ 𝐶𝑖  

  

  

𝑪𝒐𝒏𝒗𝒆𝒓𝒔𝒍𝒚,  

  

𝑙𝑒𝑡 𝑝 = (𝑝1, … , 𝑝𝑁) ∈ 𝑃𝐶(𝑥) 𝑎𝑛𝑑 𝑠𝑢𝑝𝑝𝑜𝑠𝑒 𝑏𝑦 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛 𝑡h𝑎𝑡 𝑝𝑗 ∉ 𝑃𝐶𝑗(𝑥𝑗) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑗.  

𝐷𝑒𝑓𝑖𝑛𝑒 𝑞 ≔ (𝑞1, … , 𝑞𝑁) ∈ (ℝ
𝑚)𝑁 𝑤h𝑒𝑟𝑒 𝑞𝑗 ∈ 𝑃𝐶𝑗(𝑥𝑗) 𝑎𝑛𝑑 𝑞𝑖 = 𝑝𝑖  𝑖𝑓 𝑖 ≠ 𝑗.  

  

𝑇h𝑒𝑛  

||𝑥 − 𝑝||
2
= ∑ ||𝑥𝑖 − 𝑝𝑖||

2
> ∑ ||𝑥𝑖 − 𝑞𝑖||

2
= ||𝑥 − 𝑞||

2𝑁
𝑖=1

𝑁
𝑖=1   

  

𝑠𝑖𝑛𝑐𝑒 𝑞 ∈ 𝐶,  𝑤𝑒 𝑐𝑜𝑛𝑐𝑐𝑙𝑢𝑑𝑒 𝑡h𝑎𝑡 𝑝 ∉ 𝑃𝐶𝑥.   𝑊h𝑖𝑠 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛,  𝑡h𝑒𝑟𝑒𝑓𝑜𝑟𝑒  

𝑝𝑗 ∈ 𝑃𝐶𝑗(𝑥𝑗).    

  

𝑇h𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑠 𝑡h𝑒 𝑝𝑟𝑜𝑜𝑓.  



 
 

 

𝟔.  𝑨𝒑𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝑫𝒐𝒖𝒈𝒍𝒂𝒔 𝑹𝒂𝒄𝒉𝒇𝒐𝒓𝒅 𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎  

  

𝟔. 𝟏.  𝑳𝒊𝒔𝒕 𝒐𝒇 𝑨𝒑𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏𝒔   

  

1.  𝑃𝑟𝑜𝑡𝑒𝑖𝑛 𝑓𝑜𝑙𝑑𝑖𝑛𝑔 𝑎𝑛𝑑 𝑔𝑟𝑎𝑝h 𝑐𝑜𝑙𝑜𝑟𝑖𝑛𝑔 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠 𝑤𝑒𝑟𝑒 𝑓𝑖𝑟𝑠𝑡 𝑠𝑡𝑢𝑑𝑖𝑒𝑑 𝑣𝑖𝑎 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 −

𝑅𝑎𝑐h𝑓𝑜𝑟𝑑  𝑚𝑒𝑡h𝑜𝑑𝑠 𝑖𝑛 [𝟔] 𝑎𝑛𝑑 [𝟕],  𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦.  

  

2.   𝐼𝑚𝑎𝑔𝑒 𝑟𝑒𝑡𝑟𝑖𝑒𝑣𝑎𝑙 𝑎𝑛𝑑 𝑝h𝑎𝑠𝑒 𝑟𝑒𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑖𝑜𝑛 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠 𝑎𝑟𝑒 𝑎𝑛𝑎𝑙𝑦𝑧𝑒𝑑 𝑖𝑛 𝑠𝑜𝑚𝑒 𝑑𝑒𝑡𝑎𝑖𝑙 𝑜𝑛 [𝟖, 𝟗].  

𝑇h𝑒 𝑏𝑖𝑡 𝑟𝑒𝑡𝑟𝑖𝑒𝑣𝑎𝑙 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑖𝑠 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒𝑑 𝑖𝑛 [𝟕].  

  

3.   𝑀𝑎𝑠𝑡𝑟𝑖𝑥 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑖𝑜𝑛 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠 𝑤𝑒𝑟𝑒 𝑠𝑡𝑢𝑑𝑖𝑒𝑑 𝑢𝑠𝑖𝑛𝑔 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 − 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑚𝑒𝑡h𝑜𝑑𝑠 𝑖𝑛 [𝟏𝟎].  

𝑇h𝑖𝑠 𝑖𝑛𝑐𝑙𝑢𝑑𝑒𝑠 𝑓𝑖𝑛𝑑𝑖𝑛𝑔 𝑣𝑎𝑟𝑖𝑜𝑢𝑠 𝑡𝑦𝑝𝑒𝑠 𝑜𝑓 h𝑎𝑑𝑎𝑚𝑎𝑟𝑑 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠,  𝑎𝑛𝑑 𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑙𝑜𝑤 −

𝑟𝑎𝑛𝑘 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠.  𝐹𝑜𝑟 𝑎 𝑠𝑢𝑟𝑣𝑒𝑟𝑦 𝑜𝑓 𝑚𝑎𝑡𝑟𝑖𝑥 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑖𝑜𝑛 𝑝𝑟𝑜𝑏𝑙𝑒𝑚,  𝑠𝑒𝑒 [𝟏𝟏].  

  

4.  𝑇h𝑒 𝑁 𝑞𝑢𝑒𝑒𝑛𝑠 𝑝𝑟𝑜𝑏𝑙𝑒𝑚,  𝑤h𝑖𝑐h 𝑟𝑒𝑞𝑢𝑒𝑠𝑡𝑠 𝑡h𝑒 𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑁 𝑞𝑢𝑒𝑒𝑛𝑠 𝑜𝑛 𝑎 𝑁𝑥𝑁 𝑐h𝑒𝑠𝑠𝑏𝑜𝑎𝑟𝑑,  𝑖𝑠 𝑠𝑡𝑢𝑑𝑖𝑒𝑑  

𝑎𝑛𝑑 𝑠𝑜𝑙𝑣𝑒𝑑 𝑖𝑛 [𝟏𝟐].  

  

5.  𝐵𝑜𝑜𝑙𝑒𝑎𝑛 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑖𝑠 𝑡𝑟𝑒𝑎𝑡𝑒𝑑 𝑖𝑛 𝑖𝑛 [𝟕, 𝟏𝟑].  𝑁𝑜𝑡𝑒 𝑡h𝑎𝑡 𝑡h𝑒 𝑡h𝑟𝑒𝑒 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑐𝑎𝑠𝑒,    

3 − 𝑆𝐴𝑇,  𝑤𝑎𝑠 𝑡h𝑒 𝑓𝑖𝑟𝑠𝑡 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑡𝑜 𝑏𝑒 𝑠h𝑜𝑤𝑛 𝑁𝑃 − 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 [𝟏𝟒].  

  

6.   𝑇𝑒𝑥𝑡𝑟𝑎𝑉𝑒𝑥 𝑖𝑠 𝑎𝑛 𝑒𝑑𝑔𝑒 −𝑚𝑎𝑡𝑐h𝑖𝑛𝑔 𝑝𝑢𝑧𝑧𝑙𝑒,  𝑤h𝑜𝑠𝑒 𝑁𝑃 − 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑛𝑒𝑠𝑠 𝑖𝑠 𝑑𝑖𝑠𝑐𝑢𝑠𝑠𝑒𝑠 𝑖𝑛 [𝟏𝟓],  

𝑤𝑎𝑠 𝑠𝑡𝑢𝑑𝑖𝑒𝑑 𝑖𝑛 [𝟏𝟔].  𝑃𝑟𝑜𝑏𝑙𝑒𝑚𝑠 𝑢𝑝 𝑡𝑜 𝑠𝑖𝑧𝑒 4𝑥4  𝑐𝑜𝑢𝑙𝑑 𝑏𝑒 𝑠𝑜𝑙𝑣𝑒𝑑 𝑖𝑛 𝑎𝑛 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑜𝑓 200 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠.  

𝑇h𝑒𝑟𝑒 𝑎𝑟𝑒 102𝑛(𝑛+1) 𝑏𝑎𝑠𝑒 − 10  𝑛𝑥𝑛  𝑏𝑜𝑎𝑟𝑑𝑠,  𝑤𝑖𝑡h 𝑛 = 3 𝑏𝑒𝑖𝑛𝑔 𝑡h𝑒 𝑚𝑜𝑠𝑡 𝑝𝑜𝑝𝑢𝑙𝑎𝑟.  

  

7.  𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 (𝑣𝑒𝑟𝑦 𝑙𝑎𝑟𝑔𝑒) 𝑆𝑢𝑑𝑜𝑘𝑢 𝑝𝑢𝑧𝑧𝑙𝑒𝑠 h𝑎𝑣𝑒 𝑏𝑒𝑒𝑛 𝑠𝑡𝑢𝑑𝑖𝑒𝑑 𝑖𝑛 [𝟏𝟐, 𝟕].  𝐹𝑜𝑟 𝑎 𝑑𝑖𝑠𝑐𝑢𝑠𝑠𝑖𝑜𝑛 𝑜𝑓  

𝑁𝑃 − 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑛𝑒𝑠𝑠 𝑜𝑓 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑖𝑛𝑔 𝑠𝑜𝑙𝑣𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑆𝑢𝑑𝑜𝑘𝑢 𝑠𝑒𝑒 [𝟏𝟕].  

𝑇h𝑒 𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑆𝑢𝑑𝑜𝑘𝑢 𝑝𝑧𝑢𝑧𝑙𝑒𝑠 𝑓𝑜𝑟𝑚𝑠 𝑡h𝑒 𝑏𝑎𝑠𝑖𝑠 𝑜𝑓 𝑡h𝑒 𝑛𝑒𝑥𝑡 𝑠𝑒𝑐𝑡𝑖𝑜𝑛,  

𝑤h𝑖𝑐h 𝑖𝑠 𝑜𝑢𝑟 𝑚𝑎𝑖𝑛 𝑠𝑒𝑐𝑡𝑖𝑜𝑛.  

  

8.  𝑁𝑜𝑛𝑜𝑔𝑟𝑎𝑚𝑠 [𝟏𝟖, 𝟏𝟗]𝑎𝑟𝑒 𝑎 𝑚𝑜𝑟𝑒 𝑟𝑒𝑐𝑒𝑛𝑡 𝑁𝑃 − 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝐽𝑎𝑝𝑎𝑛𝑒𝑠𝑒 𝑝𝑢𝑧𝑧𝑙𝑒  

𝑤h𝑖𝑐h 𝑤𝑒𝑟𝑒 𝑠h𝑜𝑤𝑛 𝑡𝑜 𝑏𝑒 𝑠𝑜𝑙𝑣𝑒𝑑 𝑤𝑖𝑡h 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 − 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑚𝑒𝑡h𝑜𝑑𝑠.  

 

 



 
 

𝟔. 𝟐  𝑫𝒐𝒖𝒈𝒍𝒂𝒔 𝑹𝒂𝒄𝒉𝒇𝒐𝒓𝒅 𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 −  𝑺𝒖𝒅𝒐𝒌𝒖  

  

𝑇h𝑒𝑜𝑟𝑒𝑚 1 𝑜𝑛𝑙𝑦 𝑔𝑢𝑎𝑟𝑎𝑛𝑡𝑒𝑒𝑠 𝑡h𝑒 𝑔𝑙𝑜𝑏𝑎𝑙 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒 𝑜𝑓 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚𝑠 𝑓𝑜𝑟 𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑒𝑡𝑠.  

𝐼𝑛 𝑠𝑝𝑖𝑡𝑒 𝑜𝑓 𝑡h𝑖𝑠,  𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 h𝑎𝑠 𝑏𝑒𝑒𝑛 𝑠𝑢𝑐𝑐𝑒𝑠𝑠𝑓𝑢𝑙𝑙𝑦 𝑎𝑝𝑝𝑙𝑖𝑒𝑑 𝑎𝑠 𝑎 h𝑒𝑢𝑟𝑖𝑠𝑡𝑖𝑐 𝑓𝑜𝑟 𝑠𝑜𝑙𝑣𝑖𝑛𝑔 𝑚𝑎𝑛𝑦 𝑛𝑜𝑛𝑐𝑜𝑛𝑣𝑒𝑥  

𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠, 𝑒𝑠𝑝𝑒𝑐𝑖𝑎𝑙𝑙𝑦 𝑡h𝑜𝑠𝑒 𝑜𝑓 𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑜𝑟𝑖𝑎𝑙 𝑡𝑦𝑝𝑒 [𝟐𝟎, 𝟐𝟏]. 

𝐼𝑛 𝑚𝑜𝑠𝑡 𝑎𝑝𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠 𝑖𝑛 𝑡h𝑒 𝑛𝑜𝑛𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑒𝑡𝑡𝑖𝑛𝑔,  𝑡h𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑠𝑒𝑡𝑠 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 𝑠𝑜𝑚𝑒 𝑡𝑦𝑝𝑒 𝑜𝑓 𝑟𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑡𝑦   

𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑎𝑛𝑑 𝑙𝑜𝑐𝑎𝑙 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑝𝑟𝑜𝑣𝑒𝑑 [𝟐𝟐, 𝟕, 𝟐𝟑].    

𝐸𝑖𝑡h𝑒𝑟 𝑤𝑎𝑦,  𝑡h𝑒 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 𝑜𝑛 𝑔𝑙𝑜𝑏𝑎𝑙 𝑏𝑒h𝑎𝑣𝑖𝑜𝑟 𝑎𝑟𝑒 𝑦𝑒𝑡 𝑙𝑖𝑚𝑖𝑡𝑒𝑑 𝑡𝑜 𝑣𝑒𝑟𝑦   

𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑐 𝑠𝑒𝑡𝑠 [𝟐𝟒],  𝑎𝑛𝑑 𝑤𝑒 𝑐𝑎𝑛𝑛𝑜𝑡 𝑐𝑜𝑛𝑐𝑙𝑢𝑑𝑒 𝑡h𝑒 𝑔𝑜𝑜𝑑 𝑝𝑒𝑟𝑓𝑜𝑟𝑚𝑎𝑛𝑐𝑒 𝑜𝑓 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑖𝑛 𝑡h𝑒   

𝑛𝑜𝑛𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑒𝑡𝑡𝑖𝑛𝑔.  

  

𝐴𝑠 𝑚𝑒𝑛𝑡𝑖𝑜𝑛𝑒𝑑 𝑏𝑒𝑓𝑜𝑟𝑒,  𝑡h𝑒 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑐𝑦 𝑎𝑛𝑑 𝑝𝑒𝑟𝑓𝑜𝑟𝑚𝑎𝑛𝑐𝑒 𝑜𝑓 𝑎𝑛 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚,  𝑑𝑒𝑝𝑒𝑛𝑑𝑠 𝑜𝑛 𝑡h𝑒 𝑤𝑎𝑦 𝑖𝑡 𝑖𝑠  

 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑒𝑑.  

𝐼𝑡 𝑖𝑠 𝑎𝑙𝑟𝑒𝑎𝑑𝑦 𝑘𝑛𝑜𝑤𝑛 𝑡h𝑎𝑡 𝑡𝑤𝑜 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚𝑠 𝑚𝑖𝑔h𝑡 𝑑𝑜 𝑡h𝑒 𝑠𝑎𝑚𝑒 𝑡h𝑖𝑛𝑔 𝑒𝑥𝑎𝑐𝑡𝑙𝑦,    

𝑏𝑢𝑡 𝑜𝑛𝑒 𝑤𝑖𝑙𝑙 𝑡𝑎𝑘𝑒 𝑚𝑢𝑐h 𝑚𝑜𝑟𝑒 𝑡𝑖𝑚𝑒 𝑎𝑛𝑑 𝑠𝑝𝑎𝑐𝑒.  

𝑆𝑜 𝑤h𝑒𝑛 𝑤𝑒 𝑢𝑠𝑒 𝑡h𝑒 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑡𝑜 𝑎 𝑛𝑜𝑛𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑒𝑡𝑡𝑖𝑛𝑔,    

𝑓𝑖𝑛𝑑𝑖𝑛𝑔 𝑎 𝑠𝑢𝑖𝑡𝑎𝑏𝑙𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑐𝑎𝑛 𝑏𝑒 𝑐𝑟𝑢𝑐𝑖𝑎𝑙  

𝑓𝑜𝑟 𝑖𝑡′𝑠 𝑠𝑢𝑐𝑐𝑒𝑠𝑠 𝑎𝑠 𝑎 h𝑒𝑢𝑟𝑖𝑠𝑡𝑖𝑐.  𝑆𝑜𝑚𝑒𝑡𝑖𝑚𝑒𝑠 𝑡h𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑐𝑎𝑛 𝑠𝑢𝑐𝑐𝑒𝑠𝑠𝑓𝑢𝑙𝑙𝑦 𝑠𝑜𝑙𝑣𝑒   

𝑡h𝑒 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑎𝑙𝑤𝑎𝑦𝑠,  𝑠𝑜𝑚𝑒𝑡𝑖𝑚𝑒𝑠, 𝑎𝑛𝑑 𝑒𝑣𝑒𝑛 𝑛𝑒𝑣𝑒𝑟,  𝑡𝑤𝑜 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑒𝑠𝑠𝑒𝑛𝑡𝑖𝑎𝑙𝑙𝑦 𝑡h𝑒 𝑠𝑎𝑚𝑒 

 𝑝𝑟𝑜𝑏𝑙𝑒𝑚,  𝑐𝑎𝑛 𝑦𝑖𝑒𝑙𝑑 𝑣𝑒𝑟𝑦 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑟𝑒𝑠𝑢𝑙𝑡𝑠.  

  

𝑊𝑒′𝑙𝑙 𝑏𝑟𝑖𝑒𝑓𝑙𝑦 𝑑𝑖𝑠𝑐𝑢𝑠𝑠 𝑎𝑛 𝑖𝑛𝑡𝑒𝑟𝑒𝑠𝑡𝑖𝑛𝑔 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 𝑟𝑒𝑔𝑎𝑟𝑑𝑖𝑛𝑔 𝑡h𝑜𝑠𝑒 𝑟𝑒𝑠𝑢𝑙𝑡𝑠.     

𝑆𝑢𝑑𝑜𝑘𝑢,  𝑤h𝑖𝑐h 𝑤𝑖𝑙𝑙 𝑎𝑙𝑠𝑜 𝑙𝑒𝑎𝑑 𝑢𝑠 𝑡𝑜 𝑡h𝑒 𝑡𝑜𝑝𝑖𝑐 𝑜𝑓 Magic Squares,  which are very similar in nature.    

  

𝑆𝑜𝑙𝑣𝑖𝑛𝑔 𝑆𝑢𝑑𝑜𝑘𝑢 𝑝𝑢𝑧𝑧𝑙𝑒𝑠 𝑤𝑖𝑡h 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑤𝑎𝑠 𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑 𝑖𝑛 [𝟕],    

𝑎𝑛𝑑 𝑎𝑙𝑠𝑜 𝑙𝑎𝑡𝑒𝑟 𝑎𝑛𝑎𝑙𝑦𝑧𝑒𝑑 𝑖𝑛 [𝟏𝟐] 𝑎𝑛𝑑 [𝟐𝟎].  

𝐴 𝑠𝑢𝑑𝑜𝑘𝑢 𝑖𝑠 𝑎 9 𝑏𝑦 9 𝑔𝑟𝑖𝑑,  𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑖𝑛𝑡𝑜 3 𝑏𝑦 3 𝑠𝑢𝑏𝑔𝑟𝑖𝑑𝑠,  𝑤𝑖𝑡h 𝑠𝑜𝑚𝑒 𝑒𝑛𝑡𝑟𝑖𝑒𝑠 𝑎𝑙𝑟𝑒𝑎𝑑𝑦 𝑝𝑟𝑒𝑓𝑖𝑙𝑙𝑒𝑑. 

 𝑇h𝑒 𝑔𝑜𝑎𝑙 𝑖𝑠 𝑡𝑜 𝑓𝑖𝑙𝑙 𝑎𝑙𝑙 𝑡h𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 𝑒𝑛𝑡𝑟𝑖𝑒𝑠 𝑖𝑛 𝑠𝑢𝑐h 𝑎 𝑤𝑎𝑦 𝑡h𝑎𝑡: 

 𝑒𝑣𝑒𝑟𝑦 𝑟𝑜𝑤,  𝑐𝑜𝑙𝑢𝑚𝑛,  𝑎𝑛𝑑 𝑠𝑢𝑏𝑔𝑟𝑖𝑑𝑠,  𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑒𝑣𝑒𝑟𝑦 𝑑𝑖𝑔𝑖𝑡 𝑓𝑟𝑜𝑚 1 𝑡𝑜 9 𝑒𝑥𝑎𝑐𝑡𝑙𝑦 𝑜𝑛𝑐𝑒.  

 

 

 

 



 
 

 

𝑆𝑢𝑑𝑜𝑘𝑢𝑠,  𝑎𝑟𝑒 𝑎𝑐𝑡𝑢𝑎𝑙𝑙𝑦 𝑚𝑎𝑡𝑟𝑖𝑥 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑖𝑜𝑛 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠,  𝑤h𝑖𝑐h 𝑤𝑒 𝑐𝑎𝑛 𝑚𝑜𝑑𝑒𝑙 𝑎𝑠 𝑎 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑝𝑟𝑜𝑏𝑙𝑒𝑚.  

𝑇h𝑒𝑟𝑒 𝑎𝑟𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑤𝑎𝑦𝑠 𝑡𝑜 𝑐h𝑜𝑜𝑠𝑒 𝑡h𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑠𝑒𝑡𝑠 𝐶1, … , 𝐶𝑁 ,  𝑖𝑛 𝑠𝑢𝑐h 𝑎 𝑤𝑎𝑦 𝑡h𝑎𝑡 ⋂𝐶𝑖

𝑁

𝑖=1

 𝑐𝑜𝑖𝑛𝑐𝑖𝑑𝑒𝑠 

 𝑤𝑖𝑡h 𝑡h𝑒 𝑢𝑛𝑖𝑞𝑢𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡h𝑒 𝑆𝑢𝑑𝑜𝑘𝑢.   

𝐸𝑖𝑡h𝑒 𝑤𝑎𝑦,  𝑎𝑠 𝑤𝑒′𝑣𝑒 𝑎𝑙𝑟𝑒𝑎𝑑𝑦 𝑠𝑒𝑒𝑛 𝑏𝑒𝑓𝑜𝑟𝑒,   𝑖𝑛 𝑜𝑟𝑑𝑒𝑟 𝑡𝑜 𝑎𝑝𝑝𝑙𝑦 𝑡h𝑒 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 −

𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑚𝑒𝑡h𝑜𝑑, 

𝑡h𝑒 𝑠𝑒𝑡𝑠 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑐h𝑜𝑠𝑒𝑛 𝑖𝑛 𝑠𝑢𝑐h 𝑎 𝑤𝑎𝑦 𝑡h𝑎𝑡 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑢𝑝𝑜𝑛 𝑡h𝑒𝑚 𝑐𝑎𝑛 𝑏𝑒 𝑒𝑎𝑠𝑖𝑙𝑦 𝑐𝑜𝑚𝑝𝑢𝑡𝑒𝑑,   

𝑖𝑑𝑒𝑎𝑙𝑙𝑦 h𝑎𝑣𝑖𝑛𝑔 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑓𝑜𝑟𝑚.  

𝑊𝑒′𝑙𝑙 𝑠h𝑜𝑤 𝑡𝑤𝑜 𝑤𝑎𝑦𝑠 𝑜𝑓 𝑀𝑜𝑑𝑒𝑙𝑙𝑖𝑛𝑔 𝑆𝑢𝑑𝑜𝑘𝑢,  𝑜𝑛𝑒 𝑎𝑠 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑝𝑟𝑜𝑏𝑙𝑒𝑚,    

𝑎𝑛𝑑 𝑡h𝑒 𝑜𝑡h𝑒𝑟 𝑎𝑠 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑝𝑟𝑜𝑏𝑙𝑒𝑚.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

𝟔. 𝟐. 𝟏 𝑺𝒖𝒅𝒐𝒌𝒖 𝑴𝒐𝒅𝒆𝒍𝒆𝒅 𝒂𝒔 𝒂𝒏 𝑰𝒏𝒕𝒆𝒈𝒆𝒓 𝑷𝒓𝒐𝒃𝒍𝒆𝒎.  

  

𝐼𝑡 𝑖𝑠 𝑓𝑎𝑖𝑟𝑙𝑦 𝑠𝑖𝑚𝑝𝑙𝑒 𝑡𝑜 𝑚𝑜𝑑𝑒𝑙 𝑠𝑢𝑑𝑜𝑘𝑢 𝑎𝑠 𝑎𝑛 𝐼𝑛𝑡𝑒𝑔𝑒𝑟 𝑃𝑟𝑜𝑏𝑙𝑒𝑚.  

𝐷𝑒𝑛𝑜𝑡𝑒 𝑆 𝑏𝑦 𝑡h𝑒 𝑝𝑎𝑟𝑡𝑖𝑎𝑙𝑙𝑦 𝑓𝑖𝑙𝑙𝑒𝑑 9 𝑏𝑦 9 𝑚𝑎𝑡𝑟𝑖𝑥 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑖𝑛𝑔 𝑡h𝑒 𝑢𝑛𝑠𝑜𝑙𝑣𝑒𝑑 𝑆𝑢𝑑𝑜𝑘𝑢.  

𝐿𝑒𝑡 𝐽 ⊂ {1,2,… ,9}2 𝑏𝑒 𝑡h𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑖𝑛𝑑𝑖𝑐𝑖𝑒𝑠 𝑓𝑜𝑟 𝑤h𝑖𝑐h 𝑆 𝑖𝑠 𝑎𝑙𝑟𝑒𝑎𝑑𝑦 𝑓𝑖𝑙𝑙𝑒𝑑,  𝑎𝑛𝑑 𝑙𝑒𝑡 𝐴𝑖,𝑗   

𝑑𝑒𝑛𝑜𝑡𝑒 𝑡h𝑒 (𝑖, 𝑗)𝑡h 𝑒𝑛𝑡𝑟𝑦 𝑜𝑓 𝑡h𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝐴.  

𝐼𝑓 𝑤𝑒 𝑑𝑒𝑛𝑜𝑡𝑒 𝑏𝑦 𝐶 𝑡h𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑤h𝑖𝑐h 𝑎𝑟𝑒 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 1,2,… ,9 ,  𝑡h𝑒𝑛 𝑎 𝑚𝑎𝑡𝑟𝑖𝑥 𝐴 ∈

ℝ9𝑥9 𝑖𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑡𝑜 𝑡h𝑒   

𝑆𝑢𝑑𝑜𝑘𝑢 𝑜𝑛𝑙𝑦 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝐴 ∈ 𝐶1 ∩ 𝐶2 ∩ 𝐶3 ∩ 𝐶4 𝑤h𝑒𝑟𝑒  

  

𝐶1 = {𝐴 ∈ ℝ
9𝑥9|𝐸𝑎𝑐h 𝑟𝑜𝑤 𝑜𝑓 𝐴 ∈ 𝐶}   

𝐶2 = {𝐴 ∈ ℝ
9𝑥9|𝐸𝑎𝑐h 𝑐𝑜𝑙𝑢𝑚𝑛 𝑜𝑓 𝐴 ∈ 𝐶}  

𝐶3 = {𝐴 ∈ ℝ
9𝑥9|𝐸𝑎𝑐h 𝑠𝑢𝑏𝑔𝑟𝑖𝑑 𝑜𝑓 𝐴 ∈ 𝐶}  

𝐶4 = {𝐴 ∈ ℝ
9𝑥9|𝐴𝑖,𝑗 = 𝑆(𝑖,𝑗)∀ (𝑖, 𝑗) ∈ 𝐽.    

𝑇h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑛𝑡𝑜 𝐶4 𝑐𝑎𝑛 𝑏𝑒 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 𝑤𝑖𝑠𝑒,  𝑊h𝑒𝑟𝑒 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝐶1, 𝐶2 𝑎𝑛𝑑 𝐶3,   

𝑎𝑟𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑑 𝑏𝑦 𝑡h𝑒 𝑛𝑒𝑥𝑡 𝑟𝑒𝑠𝑢𝑙𝑡:  

  

𝑷𝒓𝒐𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝟐  

𝐷𝑒𝑛𝑜𝑡𝑒 𝑏𝑦 𝐶 ∈ ℝ𝑚 𝑡h𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑤h𝑜𝑠𝑒 𝑒𝑛𝑡𝑟𝑖𝑒𝑠 𝑎𝑟𝑒 𝑎𝑙𝑙 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑐1, … , 𝑐𝑚 ∈

ℝ.  𝑇h𝑒𝑛 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑥 ∈ ℝ𝑚 𝑜𝑛𝑒 h𝑎𝑠 𝑡h𝑎𝑡:  

𝑃𝐶(𝑥) = [𝐶]𝑥 ,  

𝑊h𝑒𝑟𝑒 [𝐶]𝑥  𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑡h𝑒𝑠 𝑒𝑡 𝑜𝑓 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑖𝑛 𝐶 𝑠𝑢𝑐h 𝑡h𝑎𝑡   

𝑦 ∈ [𝐶]𝑥   𝑖𝑓 𝑡h𝑒 𝑖𝑡h 𝑙𝑎𝑟𝑔𝑒𝑠𝑡 𝑒𝑛𝑡𝑟𝑦 𝑜𝑓 𝑦,  𝑖𝑠 𝑖𝑛𝑑𝑒𝑥𝑒𝑑 𝑡h𝑒 𝑠𝑎𝑚𝑒   

𝑎𝑠 𝑡h𝑒 𝑖𝑡h 𝑙𝑎𝑟𝑔𝑒𝑠𝑡 𝑒𝑛𝑡𝑟𝑦 𝑜𝑓 𝑥.  

  

𝑷𝒓𝒐𝒐𝒇:  

𝐹𝑜𝑟 𝑎𝑛𝑦 𝑐 ∈ 𝐶:  

||𝑥 − 𝑐||
2
= ||𝑥||

2
+ ||𝑐||

2
− 2𝑥𝑇𝑐 = ||[𝑥]||

2
+ ||[𝑐]||

2
− 2𝑥𝑇𝑐 ≥ ||[𝑥]||

2
+ ||[𝑐]||

2
− 2[𝑥]𝑇[𝑐] =

||[𝑥] − [𝑐]||
2
= ||𝑥 − 𝑦||

2
 𝑓𝑜𝑟 𝑦 ∈ [𝐶]𝑥  

  

𝑹𝒆𝒎𝒂𝒓𝒌 𝟐. 𝟏:  

𝑃𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 2 𝑠𝑢𝑔𝑔𝑒𝑠𝑡𝑠 𝑡h𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑖𝑛 𝑜𝑟𝑑𝑒𝑟 𝑡𝑜 𝑐𝑜𝑚𝑝𝑢𝑡𝑒 𝑎 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑥 𝑜𝑛𝑡𝑜 𝐶.  

𝑆𝑖𝑛𝑐𝑒 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑛𝑜𝑡 𝑢𝑛𝑖𝑞𝑢𝑒,    

𝑤𝑒 𝑤𝑎𝑛𝑡 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑡h𝑒 𝑛𝑒𝑎𝑟𝑒𝑠𝑡 𝑝𝑜𝑖𝑛𝑡,  𝑝,  𝑖𝑛 𝑡h𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑜𝑟 𝑠𝑜𝑚𝑒 𝑜𝑡h𝑒𝑟 𝑎𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑣𝑒.  



 
 

𝐹𝑜𝑟 𝑐𝑜𝑛𝑣𝑒𝑛𝑖𝑒𝑛𝑐𝑒,  𝑔𝑖𝑣𝑒𝑛 𝑎 𝑣𝑒𝑐𝑡𝑜𝑟 𝑦 ∈

(ℝ2)𝑛,  𝑤𝑒 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑜𝑛𝑡𝑜 𝑡h𝑒 𝑓𝑖𝑟𝑠𝑡 𝑎𝑛𝑑 𝑠𝑒𝑐𝑜𝑛𝑑 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠  

𝑏𝑦 𝑄 𝑎𝑛𝑑 𝑆,  𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦.  𝑇h𝑎𝑡 𝑖𝑠,  𝑖𝑓  

𝑦 = ((𝑥1, 𝑐1), (𝑥2, 𝑐2), … , (𝑥𝑛, 𝑐𝑛)) ∈ (ℝ
2)𝑛 ,  𝑡h𝑒𝑛  

𝑄𝑦 = (𝑥1, … , 𝑥𝑛),   𝑆𝑦 = ((𝑐1, … , 𝑐2))  

  

𝑊𝑒 𝑐𝑎𝑛 𝑛𝑜𝑤 𝑠𝑡𝑎𝑡𝑒 𝑡h𝑒 𝐴𝑙𝑔𝑜𝑟𝑖𝑡h𝑚  

  

𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 𝟏 𝑷𝒓𝒐𝒋𝒆𝒄𝒕𝒊𝒐𝒏: 𝐼𝑛𝑝𝑢𝑡: 𝑥 ∈ ℝ𝑛 𝑎𝑛𝑑 𝑐1, … , 𝑐𝑛 ∈ ℝ.  

  

1.  𝐹𝑜𝑟 𝑐𝑜𝑚𝑓𝑜𝑟𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦,  𝑟𝑒𝑜𝑟𝑑𝑒𝑟 {𝑐𝑛} 𝑠𝑢𝑐h 𝑡h𝑎𝑡 𝑐𝑖 ≤ 𝑐𝑖+1 ∀𝑖 ∈ [1,…𝑛 − 1].  

2.  𝑆𝑒𝑡 𝑦 = ((𝑥1, 𝑐1), (𝑥2, 𝑐2),… , (𝑥𝑛, 𝑐𝑛)) ∈ (ℝ
2)𝑛  

3.  𝑆𝑒𝑡 𝑧 𝑡𝑜 𝑏𝑒 𝑎 𝑣𝑒𝑐𝑡𝑜𝑟 𝑤𝑖𝑡h 𝑡h𝑒 𝑠𝑎𝑚𝑒 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡𝑠 𝑎𝑠 𝑦 𝑠𝑢𝑐h 𝑡h𝑎𝑡 𝑄𝑧 𝑖𝑠 𝑖𝑛 𝑛𝑜𝑛 −

𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑜𝑟𝑑𝑒𝑟.  

4.  𝑂𝑢𝑡𝑝𝑢𝑡: 𝑝 = 𝑆𝑧  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

𝟔. 𝟐. 𝟐  𝑺𝒖𝒅𝒐𝒌𝒖 𝑴𝒐𝒅𝒆𝒍𝒆𝒅 𝒂𝒔 𝒂 𝒛𝒆𝒓𝒐 − 𝒐𝒏𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎.  

  

𝐴𝑛𝑜𝑡h𝑒𝑟 𝑤𝑎𝑦 𝑡𝑜 𝑓𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒 𝑡h𝑒 𝑆𝑢𝑑𝑜𝑘𝑢 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑖𝑠 𝑎 𝑧𝑒𝑟𝑜 − 𝑜𝑛𝑒 𝑝𝑟𝑜𝑏𝑙𝑒𝑚,  𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠: 

𝑊𝑒′𝑙𝑙 𝑟𝑒𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑒 𝑡h𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝐴 ∈ ℝ9𝑥9 𝑎𝑠 𝐵 ∈ ℝ9𝑥9𝑥9 𝑠𝑢𝑐h 𝑡h𝑎𝑡:  

𝐵(𝑖, 𝑗, 𝑘) = {
1,  𝑖𝑓 𝐴(𝑖, 𝑗) = 𝑘
0,  𝑜𝑡h𝑒𝑟𝑤𝑖𝑠𝑒

  

𝑇h𝑖𝑠 𝑟𝑒𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑠 𝑡h𝑒 𝑒𝑛𝑡𝑟𝑖𝑒𝑠 𝑖𝑛𝑡𝑜 𝑎 3 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 𝑧𝑒𝑟𝑜 −

𝑜𝑛𝑒 𝑎𝑟𝑟𝑎𝑦,  𝑤h𝑖𝑐h 𝑐𝑎𝑛 𝑏𝑒 𝑡h𝑜𝑢𝑔h𝑡 𝑜𝑓 𝑎𝑠 𝑎 𝑐𝑢𝑏𝑒, 𝑠𝑒𝑒𝑛 𝑖𝑛 𝑓𝑖𝑔𝑢𝑟𝑒 7. 

 

 

 

 

 

 

 

 

𝐷𝑒𝑛𝑜𝑡𝑒 𝑏𝑦 𝑆′ 𝑡h𝑒 9𝑥9𝑥9  𝑧𝑒𝑟𝑜 − 𝑜𝑛𝑒 𝑎𝑟𝑟𝑎𝑦 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑡𝑜 𝑡h𝑒 𝑢𝑛𝑠𝑜𝑙𝑣𝑒𝑑 𝑠𝑢𝑑𝑜𝑘𝑢 𝑝𝑢𝑧𝑧𝑙𝑒 𝑆.  

𝐿𝑒𝑡 𝐼 ≔ {1,2,… ,9} 𝑎𝑛𝑑 𝐽′ ⊆

𝐼3 𝑏𝑒 𝑡h𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑖𝑛𝑑𝑖𝑐𝑒𝑠 𝑓𝑜𝑟 𝑤h𝑖𝑐h 𝑆′ 𝑖𝑠 𝑓𝑖𝑙𝑙𝑒𝑑,  𝑎𝑛𝑑 𝑙𝑒𝑡 ℬ 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡h𝑒 9 −

𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑏𝑎𝑠𝑖𝑠.  

𝑇h𝑒 𝑓𝑜𝑢𝑟 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 𝑜𝑓 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑝𝑟𝑜𝑏𝑙𝑒𝑚,  𝑛𝑜𝑤 𝑏𝑒𝑐𝑜𝑚𝑒 𝑡h𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠:  

  

𝐶1 ≔ {𝐵 ∈ ℝ9𝑥9𝑥9: 𝐵(𝑖, : , 𝑘) ∈ ℬ ∀ 𝑖, 𝑘 ∈ 𝐼}  

𝐶2 ≔ {𝐵 ∈ ℝ9𝑥9𝑥9: 𝐵(: , 𝑗, 𝑘) ∈ ℬ ∀ 𝑗, 𝑘 ∈ 𝐼}  

𝐶3 ≔ {𝐵 ∈ ℝ9𝑥9𝑥9: 𝑣𝑒𝑐𝐵3𝑖+1:3(𝑖+1),3𝑗+1:3(𝑗+1),𝑘 ∈ ℬ 𝑓𝑜𝑟 𝑖, 𝑗 = 0,1,2 𝑎𝑛𝑑 𝑘 ∈ 𝐼}  

𝐶4 ≔ {𝐵 ∈ ℝ9𝑥9𝑥9: 𝐵(𝑖, 𝑗, 𝑘) = 1 ∀ (𝑖, 𝑗, 𝑘) ∈ 𝐽′}  

𝑤h𝑒𝑟𝑒 𝑣𝑒𝑐𝐴 𝑖𝑠 𝑡h𝑒 𝑣𝑒𝑐𝑡𝑜𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝐴 𝑏𝑦 𝑐𝑜𝑙𝑢𝑚𝑛𝑠.  

𝐹𝑢𝑟𝑡h𝑒𝑟,  𝑠𝑖𝑛𝑐𝑒 𝑒𝑎𝑐h 𝑐𝑒𝑙𝑙 𝑜𝑓 𝑡h𝑒 𝑠𝑢𝑑𝑜𝑘𝑢 𝑝𝑢𝑧𝑧𝑙𝑒 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑒𝑥𝑎𝑐𝑡𝑙𝑦 𝑏𝑦 𝑜𝑛𝑒 𝑛𝑢𝑚𝑏𝑒𝑟,    

𝑤𝑒 𝑚𝑢𝑠𝑡 𝑎𝑑𝑑 𝑡h𝑒 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡:  

𝐶5 ≔ {𝐵 ∈ ℝ9𝑥9𝑥9: 𝐵(𝑖, 𝑗, : ) ∈ ℬ ∀ 𝑖, 𝑗 ∈ 𝐼}  

 



 
 

𝑇h𝑒𝑛,  𝐵 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑠 𝑆′ (𝐴𝑛𝑑 𝑡h𝑢𝑠 𝑠𝑜𝑙𝑣𝑒𝑠 𝑡h𝑒 𝑠𝑢𝑑𝑜𝑘𝑢) 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝐵 ∈ ⋂ 𝐶𝑖
5
𝑖=1 .  

𝐴𝑔𝑎𝑖𝑛,  𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑛𝑡𝑜 𝐶4 𝑐𝑎𝑛 𝑏𝑒 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 𝑐𝑜𝑚𝑝𝑜𝑛𝑛𝑒𝑡 𝑤𝑖𝑠𝑒,  𝑤h𝑖𝑙𝑒 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑜𝑛𝑡𝑜 𝐶1, 𝐶2, 𝐶3, 𝐶5  

𝑐𝑎𝑛 𝑏𝑒 𝑒𝑎𝑠𝑖𝑙𝑦 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 𝑢𝑠𝑖𝑛𝑔 𝑃𝑟𝑜𝑝𝑖𝑠𝑖𝑡𝑖𝑜𝑛 2. 

 

 

𝟔. 𝟐. 𝟑 𝑷𝒆𝒓𝒇𝒐𝒓𝒎𝒂𝒏𝒄𝒆 𝒐𝒇 𝒕𝒉𝒆 𝑫𝒐𝒖𝒈𝒍𝒂𝒔 −

𝑹𝒂𝒄𝒉𝒇𝒐𝒓𝒅 𝒎𝒆𝒕𝒉𝒐𝒅 𝒐𝒏 𝑺𝒖𝒅𝒐𝒌𝒖 𝑷𝒖𝒛𝒛𝒍𝒆𝒔  

  

𝐴𝑠 𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑 𝑖𝑛 [𝟐𝟓],  𝑡h𝑒 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 −

𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑚𝑒𝑡h𝑜𝑑 𝑤𝑎𝑠 𝑡𝑜𝑡𝑎𝑙𝑙𝑦 𝑖𝑛𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑓𝑜𝑟 𝑠𝑜𝑙𝑣𝑖𝑛𝑔 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛.  

𝑂𝑛 𝑡h𝑒 𝑜𝑡h𝑒𝑟 h𝑎𝑛𝑑,  𝑖𝑡 𝑤𝑎𝑠 𝑠𝑒𝑒𝑛 𝑡h𝑎𝑡 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑖𝑠 𝑣𝑒𝑟𝑦 𝑠𝑢𝑐𝑐𝑒𝑠𝑠𝑓𝑢𝑙 𝑤h𝑒𝑛 𝑖𝑡 𝑖𝑠 𝑎𝑝𝑝𝑙𝑖𝑒𝑑 𝑡𝑜 𝑡h𝑒   

𝑏𝑖𝑛𝑎𝑟𝑦 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛,  

𝑏𝑒𝑖𝑛𝑔 𝑎𝑏𝑙𝑒 𝑡𝑜 𝑠𝑜𝑙𝑣𝑒 𝑛𝑒𝑎𝑟𝑙𝑦 𝑎𝑙𝑙 𝑡h𝑒 𝑖𝑛𝑠𝑡𝑎𝑛𝑐𝑒𝑠 𝑖𝑛 𝑎𝑙𝑙 𝑡h𝑒 𝑆𝑢𝑑𝑜𝑘𝑢 𝑙𝑖𝑏𝑟𝑎𝑟𝑖𝑒𝑠 𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑒𝑑 𝑖𝑛 [𝟐𝟓],    

𝐸𝑣𝑒𝑛 𝑖𝑛 𝑡h𝑒 𝑜𝑛𝑒 𝑙𝑖𝑏𝑟𝑎𝑟𝑦 𝑡h𝑎𝑡 𝑖𝑡 𝑤𝑎𝑠 𝑡h𝑒 𝑚𝑜𝑠𝑡 𝑢𝑛𝑠𝑢𝑐𝑐𝑒𝑠𝑠𝑓𝑢𝑙,   

𝑡h𝑒 𝑡𝑜𝑝95 𝑙𝑖𝑏𝑟𝑎𝑟𝑦,  𝑖𝑡 h𝑎𝑑 𝑎 𝑠𝑢𝑐𝑐𝑒𝑠𝑠 𝑟𝑎𝑡𝑒 𝑜𝑓 87%.    

  

𝐴𝑛𝑜𝑡h𝑒𝑟 𝑤𝑎𝑦 𝑡𝑜 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑒 𝑆𝑢𝑑𝑜𝑘𝑢 𝑎𝑠 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠 𝑤𝑎𝑠 𝑡𝑒𝑠𝑡𝑒𝑑 𝑖𝑛 [𝟐𝟎, 𝟐𝟔],    

𝑏𝑎𝑠𝑒𝑑 𝑜𝑛 𝑡h𝑒 𝑓𝑎𝑐𝑡 𝑡h𝑎𝑡 𝑎𝑛 𝑢𝑛𝑠𝑜𝑙𝑣𝑒𝑑 𝑠𝑢𝑑𝑜𝑘𝑢 𝑐𝑎𝑛 𝑏𝑒 𝑣𝑖𝑒𝑤𝑒𝑑 𝑎𝑠 𝑎 𝑔𝑟𝑎𝑝h 𝑝𝑟𝑒𝑐𝑜𝑙𝑜𝑟𝑖𝑛𝑔 𝑝𝑟𝑜𝑏𝑙𝑒𝑚. 

 𝑇h𝑒 𝑟𝑎𝑛𝑘 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑒𝑑 𝑖𝑛 [𝟐𝟔]  h𝑎𝑑 𝑎 𝑠𝑢𝑐𝑐𝑒𝑠𝑠 𝑟𝑎𝑡𝑒 𝑜𝑓 100% 𝑖𝑛 𝑡h𝑒 𝑡𝑜𝑝95  

𝑙𝑖𝑏𝑟𝑎𝑟𝑦,  𝑎𝑛𝑑 𝑛𝑜 𝑠𝑢𝑑𝑜𝑘𝑢 h𝑎𝑠 𝑏𝑒𝑒𝑛 𝑓𝑜𝑢𝑛𝑑 𝑠𝑜 𝑓𝑎𝑟 𝑓𝑜𝑟 𝑤h𝑖𝑐h 𝑡h𝑒 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑚𝑒𝑡h𝑜𝑑 𝑓𝑎𝑖𝑙𝑠 𝑡𝑜  

𝑓𝑖𝑛𝑑 𝑖𝑡′𝑠 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑝𝑜𝑖𝑛𝑡.   

𝑇h𝑒𝑟𝑒𝑓𝑜𝑟𝑒,  𝑤𝑒 𝑐𝑎𝑛 𝑐𝑜𝑛𝑐𝑙𝑢𝑑𝑒 𝑡h𝑎𝑡 𝑡h𝑒 𝑤𝑎𝑦 𝑤𝑒 𝑓𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒 𝑜𝑢𝑟 𝑝𝑟𝑜𝑏𝑙𝑒𝑚,    

h𝑎𝑠 h𝑢𝑔𝑒 𝑖𝑚𝑝𝑎𝑐𝑡𝑠 𝑜𝑛 𝑡h𝑒 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 𝑤𝑒′𝑙𝑙 𝑔𝑒𝑡 𝑓𝑟𝑜𝑚 𝑡h𝑒 𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑅𝑎𝑐h𝑓𝑜𝑟𝑑 𝑚𝑒𝑡h𝑜𝑑,    

𝑤h𝑒𝑛 𝑎𝑝𝑝𝑙𝑖𝑒𝑑 𝑖𝑛 𝑡h𝑒 𝑛𝑜𝑛𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑒𝑡.    

 

 

 

 

 

 

 



 
 

𝟔. 𝟑.  𝑭𝒊𝒏𝒅𝒊𝒏𝒈 𝑴𝒂𝒈𝒊𝒄 𝑺𝒒𝒖𝒂𝒓𝒆𝒔 𝒂𝒔 𝒂 𝒇𝒆𝒂𝒔𝒊𝒃𝒊𝒍𝒊𝒕𝒚 𝒑𝒓𝒐𝒃𝒍𝒆𝒎  

  

𝐼𝑛 𝑡h𝑖𝑠 𝑠𝑒𝑐𝑡𝑖𝑜𝑛,  𝑤h𝑖𝑐h 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑡h𝑒 𝑚𝑎𝑖𝑛 𝑠𝑒𝑐𝑡𝑖𝑜𝑛,  𝑤h𝑒𝑟𝑒 𝑤𝑒 𝑑𝑖𝑠𝑐𝑢𝑠𝑠 𝑜𝑢𝑟 𝑚𝑎𝑖𝑛 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑜𝑓 𝑡h𝑖𝑠 𝑝𝑟𝑜𝑗𝑒𝑐𝑡,  

𝑡𝑜 𝑓𝑖𝑛𝑑 𝑚𝑎𝑔𝑖𝑐 𝑠𝑞𝑢𝑎𝑟𝑒𝑠,  𝑎𝑠 𝑎 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑝𝑟𝑜𝑏𝑙𝑒𝑚.   𝐴𝑙𝑙 𝑡h𝑒 𝑖𝑛𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑡h𝑎𝑡 𝑤𝑎𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑏𝑜𝑢𝑡 𝑃𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛𝑠   

𝑎𝑛𝑑 𝑆𝑢𝑑𝑜𝑘𝑢 𝑖𝑠 𝑣𝑒𝑟𝑦 𝑟𝑒𝑙𝑒𝑣𝑎𝑛𝑡 𝑡𝑜 𝑡h𝑖𝑠 𝑛𝑒𝑥𝑡 𝑠𝑒𝑐𝑡𝑖𝑜𝑛. 

  

𝑊𝑒′𝑙𝑙 𝑝𝑟𝑜𝑝𝑜𝑠𝑒 𝑡𝑤𝑜 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑚𝑒𝑡h𝑜𝑑𝑠 𝑡𝑜 𝑠𝑜𝑙𝑣𝑒 𝑚𝑎𝑔𝑖𝑐 𝑠𝑞𝑢𝑎𝑟𝑒𝑠 𝑎𝑠 𝑎 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑝𝑟𝑜𝑏𝑙𝑒𝑚,    

𝑜𝑛𝑒 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛, 𝑎𝑛𝑑 𝑡h𝑒 𝑜𝑡h𝑒𝑟 𝑜𝑛𝑒 𝑖𝑠 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛. 

 𝐵𝑜𝑡h 𝑎𝑟𝑒 𝑖𝑛𝑠𝑝𝑖𝑟𝑒𝑑 𝑏𝑦 𝑡h𝑒 𝑡𝑒𝑠𝑡𝑠𝑡 𝑡h𝑎𝑡 𝑤𝑒𝑟𝑒 𝑑𝑜𝑛𝑒 𝑜𝑛 𝑆𝑢𝑑𝑜𝑘𝑢.  

𝑇𝑜 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑒 𝑡h𝑒 𝑠𝑒𝑎𝑟𝑐h,  𝑤𝑒 𝑓𝑖𝑟𝑠𝑡 𝑡h𝑖𝑛𝑔 𝑤𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑑𝑜 𝑖𝑠 𝑡𝑜 𝑐h𝑜𝑜𝑠𝑒 𝑠𝑜𝑚𝑒 𝑠𝑒𝑡𝑠,    

𝑤h𝑜𝑠𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛,  𝑖𝑛𝑐𝑙𝑢𝑑𝑒𝑠 𝑎𝑙𝑙 𝑡h𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 𝑡h𝑎𝑡 𝑑𝑒𝑓𝑖𝑛𝑒 𝑎 𝑚𝑎𝑔𝑖𝑐 𝑠𝑞𝑢𝑎𝑟𝑒 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑛. 

𝑇h𝑒𝑠𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 𝑎𝑟𝑒:  

𝑇h𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑒𝑎𝑐h 𝑟𝑜𝑤,  𝑐𝑜𝑙𝑢𝑚𝑛,  𝑏𝑜𝑡h 𝑚𝑎𝑖𝑛 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙𝑠,  𝑖𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡,  𝑎𝑙𝑠𝑜 𝑘𝑛𝑜𝑤𝑛 𝑎𝑠 𝑡h𝑒 𝑀𝑎𝑔𝑖𝑐 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑀 =

𝑛(𝑛2+1)

2
,  

𝑎𝑛𝑑 𝑖𝑡 𝑚𝑢𝑠𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑎𝑙𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 1 𝑎𝑛𝑑 𝑛2.  𝑁𝑜𝑡𝑒 𝑡h𝑎𝑡 𝑖𝑓 𝑜𝑢𝑟 𝑔𝑜𝑎𝑙 𝑤𝑜𝑢𝑙𝑑 𝑏𝑒 𝑡𝑜 𝑓𝑖𝑙𝑙 𝑎 𝑝𝑟𝑒𝑓𝑖𝑙𝑙𝑒𝑑   

𝑀𝑎𝑔𝑖𝑐 𝑆𝑞𝑢𝑎𝑟𝑒, 𝑤𝑒′𝑑 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑎𝑑𝑑 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 𝑡h𝑎𝑡 𝑓𝑖𝑥 𝑡h𝑜𝑠𝑒 𝑝𝑟𝑒𝑓𝑖𝑙𝑙𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟𝑠.  

  

𝐴 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑎𝑝𝑝𝑟𝑜𝑎𝑐h 𝑡𝑜 𝑙𝑜𝑜𝑘 𝑓𝑜𝑟 𝑚𝑎𝑔𝑖𝑐 𝑠𝑞𝑢𝑎𝑟𝑒𝑠,  𝑤𝑜𝑢𝑙𝑑 𝑏𝑒 𝑡h𝑟𝑜𝑢𝑔h 𝑡h𝑒 𝑢𝑠𝑒 𝑜𝑓 𝐼𝑛𝑡𝑒𝑔𝑒𝑟 𝐹𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛.  

𝐴𝑓𝑡𝑒𝑟𝑤𝑎𝑟𝑑𝑠,  𝑤𝑒′𝑙𝑙 𝑠h𝑜𝑤 h𝑜𝑤 𝑡𝑜 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑒 𝑡h𝑒 𝑠𝑒𝑎𝑟𝑐h 𝑓𝑜𝑟 𝑚𝑎𝑔𝑖𝑐 𝑠𝑞𝑢𝑎𝑟𝑒𝑠 𝑎𝑠 𝑎 𝐵𝑖𝑛𝑎𝑟𝑦 𝑃𝑟𝑜𝑏𝑙𝑒𝑚.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

𝟔. 𝟑. 𝟏 𝑴𝒂𝒈𝒊𝒄 𝑺𝒒𝒖𝒂𝒓𝒆𝒔 𝑴𝒐𝒅𝒆𝒍𝒆𝒅 𝒂𝒔 𝑰𝒏𝒕𝒆𝒈𝒆𝒓 𝑷𝒓𝒐𝒃𝒍𝒆𝒎𝒔  

  

𝐷𝑒𝑛𝑜𝑡𝑒 𝒫 𝑡h𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 1,2,… , 𝑛2,   𝑎𝑛𝑑 𝐼 ≔ {1,2,… , 𝑛},  

𝑇h𝑒𝑛 𝐴 ∈ ℝ𝑛𝑥𝑛 𝑖𝑠 𝑎 𝑚𝑎𝑔𝑖𝑐 𝑠𝑞𝑢𝑎𝑟𝑒 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝐴 ∈ ⋂ 𝐶𝑖
5
𝑖=1 ,  𝑤h𝑒𝑟𝑒  

  

𝐶1 ≔ {𝐴 ∈ ℝ𝑛𝑥𝑛: ∑ 𝐴𝑖,𝑗𝑗∈𝐼 = 𝑐 ∀𝑖 ∈ 𝐼}  

𝐶2 ≔ {𝐴 ∈ ℝ𝑛𝑥𝑛: ∑ 𝐴𝑖,𝑗𝑖∈𝐼 = 𝑐 ∀𝑗 ∈ 𝐼}  

𝐶3 ≔ {𝐴 ∈ ℝ𝑛𝑥𝑛: ∑ 𝐴𝑖,𝑖𝑖∈𝐼 = 𝑐}  

𝐶4 ≔ {𝐴 ∈ ℝ𝑛𝑥𝑛: ∑ 𝐴𝑛+1−𝑖, 𝑖 = 𝑐𝑖∈𝐼 }  

𝐶5 ≔ {𝐴 ∈ ℝ𝑛𝑥𝑛: 𝑣𝑒𝑐𝐴 ∈ 𝒫}  

  

𝑇h𝑒 𝑓𝑖𝑟𝑠𝑡 𝑓𝑜𝑢𝑟 𝑠𝑒𝑡𝑠 𝑎𝑟𝑒 𝑐𝑙𝑒𝑎𝑟𝑙𝑦 𝑐𝑜𝑛𝑣𝑒𝑥,  𝑎𝑠 𝐼 𝑠h𝑎𝑙𝑙 𝑝𝑟𝑜𝑣𝑒 𝑓𝑜𝑟 𝑜𝑛𝑒 𝑜𝑓 𝑡h𝑒 𝑠𝑒𝑡𝑠.     

𝑇h𝑒 𝑝𝑟𝑜𝑜𝑓𝑠 𝑓𝑜𝑟 𝑡h𝑒 𝑜𝑡h𝑒𝑟 𝑖𝑠 𝑠𝑖𝑚𝑖𝑙𝑎𝑟.  

  

𝑪𝒍𝒂𝒊𝒎: 𝑪𝟏 𝒊𝒔 𝒄𝒐𝒏𝒗𝒆𝒙.  

  

𝑷𝒓𝒐𝒐𝒇:  

𝑇𝑎𝑘𝑒 𝐴, 𝐵 ∈ 𝐶1,  𝑡h𝑒𝑛   

𝑇h𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑒𝑎𝑐h 𝑟𝑜𝑤 𝑜𝑓 𝐴 𝑖𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑐.  

𝑇h𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑒𝑎𝑐h 𝑟𝑜𝑤 𝑜𝑓 𝐵 𝑖𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑐.  

  

𝑇𝑎𝑘𝑒 𝜆 ∈ [0,1],  𝑡h𝑒𝑛:  

𝜆 ∗ 𝐴 + (1 − 𝜆) ∗ 𝐵  

𝑆𝑖𝑛𝑐𝑒 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡h𝑎𝑡 𝑒𝑎𝑐h 𝑟𝑜𝑤 𝑖𝑛 𝐴 𝑒𝑞𝑢𝑎𝑙𝑠 𝑐,  

𝑡h𝑒𝑛 𝑒𝑎𝑐h 𝑟𝑜𝑤 𝑖𝑛 𝜆 ∗ 𝐴 𝑖𝑠 𝜆 ∗ 𝑐  

𝐴𝑛𝑑 𝑓𝑜𝑟 (1 − 𝜆)𝐵  𝑡h𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑒𝑎𝑐h 𝑟𝑜𝑤 𝑖𝑠 (1 − 𝜆)𝑐  

𝑆𝑜 𝑖𝑓 𝑤𝑒 𝑎𝑑𝑑 𝑢𝑝 𝜆 ∗ 𝐴 + (1 − 𝜆) ∗ 𝐵 𝑣𝑖𝑎 𝑟𝑜𝑤𝑠,  

𝑤𝑒′𝑙𝑙 𝑔𝑒𝑡 𝑓𝑜𝑟 𝑒𝑎𝑐h 𝑟𝑜𝑤 𝑡h𝑒 𝑠𝑢𝑚 𝜆𝑐 + 𝑐 − 𝜆𝑐 = 𝑐  

𝑎𝑛𝑑 𝑡h𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝐶1 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑥.  

𝑫𝑶𝑵𝑬.    

  

𝑺𝒂𝒎𝒆 𝒇𝒐𝒓 𝑪𝟐, 𝑪𝟑 𝒂𝒏𝒅 𝑪𝟒.    

  

  



 
 

𝑇h𝑒𝑖𝑟 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑠 h𝑎𝑣𝑒 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑓𝑜𝑟𝑚 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑑 𝑏𝑦 𝑡h𝑒 𝑛𝑒𝑥𝑡 𝑟𝑒𝑠𝑢𝑙𝑡:  

  

𝑷𝒓𝒐𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝟑:  

  

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑆 = {𝑥 ∈ ℝ𝑚: ∑ 𝑥𝑖
𝑚
𝑖=1 = 𝑐}.  𝐹𝑜𝑟 𝑎𝑛𝑦 𝑥 ∈ ℝ𝑚.  

𝑃𝑆(𝑥) = 𝑥 +
1

𝑚
(𝑐 − ∑ 𝑥𝑖

𝑚
𝑖=1 )𝑒 𝑤h𝑒𝑟𝑒 𝑒 =

(

 
 

1
1
.
.
1)

 
 
.  

  

𝑷𝒓𝒐𝒐𝒇:  

𝑇h𝑖𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑓𝑟𝑜𝑚 𝑡h𝑒 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 𝑓𝑜𝑟 𝑡h𝑒 𝑜𝑟𝑡h𝑜𝑔𝑜𝑛𝑎𝑙 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛,  𝑜𝑛𝑡𝑜 𝑎 h𝑦𝑝𝑒𝑟𝑝𝑙𝑎𝑛𝑒,  𝑠𝑖𝑛𝑐𝑒 𝑆 =

{𝑥 ∈ ℝ𝑚, < 𝑥, 𝑒 >  = 𝑐}.  

  

𝑇h𝑒𝑟𝑒𝑏𝑦,  𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑜𝑛𝑡𝑜 𝑒𝑎𝑐h 𝑜𝑛𝑒 𝑜𝑓 𝑡h𝑒𝑠𝑒 𝑠𝑒𝑡𝑠 𝑎𝑟𝑒 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦:  

𝑃𝐶1(𝐴) = 𝐴 +
1

𝑛

(

 
 

𝑐 − ∑ 𝐴1,𝑖
𝑛
𝑖=1 …  𝑐 − ∑ 𝐴1,𝑖

𝑛
𝑖=1

.

.

.
𝑐 − ∑ 𝐴𝑛,𝑖

𝑛
𝑖=1 …𝑐 − ∑ 𝐴𝑛,𝑖

𝑛
𝑖=1 )

 
 

  

𝑃𝐶2(𝐴) = 𝐴 +
1

𝑛

(

 
 

𝑐 − ∑ 𝐴𝑖,1
𝑛
𝑖=1 …  𝑐 − ∑ 𝐴𝑖,1

𝑛
𝑖=1

.

.

.
𝑐 − ∑ 𝐴𝑖,𝑛

𝑛
𝑖=1 …𝑐 − ∑ 𝐴𝑖,𝑛

𝑛
𝑖=1 )

 
 

  

𝑃𝐶3(𝐴) = 𝐴 +
1

𝑛
(𝑐 − ∑ 𝐴𝑖,𝑖

𝑛
𝑖=1 )𝐼𝑛  

𝑃𝐶4(𝐴) = 𝐴 +
1

𝑛
(𝑐 − ∑ 𝐴𝑖,𝑛+𝑖−1

𝑛
𝑖=1 )𝐼𝑛

𝑇  

  

𝐹𝑖𝑛𝑎𝑙𝑙𝑦,  𝐶5 𝑖𝑠 𝑎 𝑛𝑜𝑛𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑒𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑎𝑙𝑙 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠 𝑤h𝑜𝑠𝑒 𝑒𝑛𝑡𝑟𝑖𝑒𝑠 𝑎𝑟𝑒 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 1,2,… , 𝑛2,    

𝑠𝑜 𝑖𝑡′𝑠 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑖𝑠 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑑 𝑏𝑦 Proposition 2. Therefore, given a nxn matrix, to 

compute its projection onto 𝐶5, 

𝑤𝑒 𝑗𝑢𝑠𝑡 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑠𝑜𝑟𝑡 𝑡h𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝑡h𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑖𝑛 𝑎𝑠𝑐𝑒𝑛𝑑𝑖𝑛𝑔 𝑜𝑟𝑑𝑒𝑟,  𝑎𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑡h𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 1 𝑖𝑛 𝑡h𝑒 𝑐𝑒𝑙𝑙   

𝑡h𝑎𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠𝑡h𝑒 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝑛𝑢𝑚𝑏𝑒𝑟,  2 𝑖𝑛 𝑡h𝑒 𝑐𝑒𝑙𝑙 𝑡h𝑎𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑡h𝑒 𝑛𝑒𝑥𝑡 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝑛𝑢𝑚𝑏𝑒𝑟,    

𝑎𝑛𝑑 𝑠𝑜 𝑜𝑛.    

𝐼𝑓 𝑖𝑡 h𝑎𝑝𝑝𝑒𝑛𝑠 𝑡h𝑎𝑡 𝑡h𝑒𝑟𝑒 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑒𝑞𝑢𝑎𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠,  𝑡h𝑒𝑛 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡h𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑤𝑜𝑛′𝑡 𝑏𝑒 𝑢𝑛𝑖𝑞𝑢𝑒.    

 

 



 
 

𝑪𝒐𝒎𝒑𝒍𝒆𝒕𝒊𝒏𝒈 𝒂 𝑷𝒂𝒓𝒕𝒊𝒂𝒍𝒍𝒚 𝑭𝒊𝒍𝒍𝒆𝒅 𝑴𝒂𝒈𝒊𝒄 𝑺𝒒𝒖𝒂𝒓𝒆  

  

𝐼𝑓 𝑀 𝑖𝑠 𝑎 𝑝𝑎𝑟𝑡𝑖𝑎𝑙𝑙𝑦 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑚𝑎𝑡𝑟𝑖𝑥,  𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑖𝑛𝑔 𝑎 𝑝𝑎𝑟𝑡𝑖𝑎𝑙𝑙𝑦 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑚𝑎𝑔𝑖𝑐 𝑠𝑞𝑢𝑎𝑟𝑒,   𝑑𝑒𝑛𝑜𝑡𝑒 𝑏𝑦 𝐽 ⊆

𝐼2  𝑡h𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑖𝑛𝑑𝑖𝑐𝑒𝑠 𝑓𝑜𝑟 𝑤h𝑖𝑐h 𝑀 𝑖𝑠 𝑝𝑟𝑒𝑓𝑖𝑙𝑙𝑒𝑑.    

𝐼𝑛 𝑜𝑟𝑑𝑒𝑟 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡h𝑒 𝑚𝑎𝑔𝑖𝑐 𝑠𝑞𝑢𝑎𝑟𝑒,  𝑤𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑎𝑑𝑑 𝑡h𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡:  

𝐶6 ≔ {𝐴 ∈ ℝ𝑛𝑥𝑛: 𝐴𝑖,𝑗 = 𝑀𝑖,𝑗 ∀(𝑖, 𝑗) ∈ 𝐽}  

  

𝑇h𝑒𝑟𝑒𝑓𝑜𝑟𝑒,  𝐴 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑠 𝑀 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓,  𝐴 ∈ ⋂ 𝐶𝑖
6
𝑖=1   

  

𝑇h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑛𝑡𝑜 𝐶6 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡𝑤𝑖𝑠𝑒 𝑏𝑦:  

𝑃𝐶6(𝐴) = {
𝑀𝑖,𝑗,  (𝑖, 𝑗) ∈ 𝐽

𝐴𝑖,𝑗  𝑜𝑡h𝑒𝑟𝑤𝑖𝑠𝑒
 ∀ (𝑖, 𝑗) ∈ 𝐼2  

  

  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

𝟔. 𝟑. 𝟐.𝑴𝒂𝒈𝒊𝒄 𝑺𝒒𝒖𝒂𝒓𝒆𝒔 𝑴𝒐𝒅𝒆𝒍𝒆𝒅 𝒂𝒔 𝑩𝒊𝒏𝒂𝒓𝒚 𝑷𝒓𝒐𝒃𝒍𝒆𝒎𝒔  

  

𝐼𝑛 𝑜𝑟𝑑𝑒𝑟 𝑡𝑜 𝑚𝑜𝑑𝑒𝑙 𝑡h𝑒 𝑠𝑒𝑎𝑟𝑐h 𝑓𝑜𝑟 𝑚𝑎𝑔𝑖𝑐 𝑠𝑞𝑢𝑎𝑟𝑒𝑠,  𝑢𝑠𝑖𝑛𝑔 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑝𝑟𝑜𝑏𝑙𝑒𝑚,  𝑤𝑒′𝑙𝑙 𝑟𝑒𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑒 𝐴 ∈

ℝ𝑛𝑥𝑛 𝑎𝑠   

𝐵 ∈ ℝ𝑛𝑥𝑛𝑥𝑛
2
 𝑠. 𝑡.    𝐵(𝑖, 𝑗, 𝑘) = {

1,  𝑖𝑓 𝐴(𝑖, 𝑗) ≥ 𝑘
0,  𝑜𝑡h𝑒𝑟𝑤𝑖𝑠𝑒

  

𝑇h𝑎𝑡 𝑤𝑎𝑦,  𝑤𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 𝑡h𝑒 𝑒𝑛𝑡𝑟𝑖𝑒𝑠 𝑜𝑓 𝑜𝑢𝑟 𝑚𝑎𝑡𝑟𝑖𝑥,  𝑖𝑛𝑡𝑜 3 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 𝑧𝑒𝑟𝑜 −

𝑜𝑛𝑒 𝑎𝑟𝑟𝑎𝑦𝑠,  𝑎𝑛𝑑 𝑒𝑎𝑐h 𝑛𝑢𝑚𝑏𝑒𝑟 𝑖𝑛 𝑡h𝑒 𝑚𝑎𝑔𝑖𝑐  

𝑠𝑞𝑢𝑎𝑟𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑡h𝑜𝑢𝑔h𝑡 𝑜𝑓 𝑎𝑠 𝑎 𝑝𝑖𝑙𝑙𝑎𝑟 𝑚𝑎𝑑𝑒 𝑢𝑝 𝑜𝑓 𝑠𝑖𝑛𝑔𝑙𝑒 𝑐𝑢𝑏𝑒𝑠.    

 

 

 

 

 

 

 

𝑇h𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 𝑤𝑒 h𝑎𝑑 𝑖𝑛 𝑡h𝑒 𝐼𝑛𝑡𝑒𝑔𝑒𝑟 𝐹𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑃𝑟𝑜𝑏𝑙𝑒𝑚 𝑛𝑜𝑤 𝑏𝑒𝑐𝑜𝑚𝑒 𝑡h𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠:  

𝐶1 ≔ {𝐵 ∈ ℝ𝑛𝑥𝑛𝑥𝑛
2
: ∑ ∑ 𝐵𝑖,𝑗,𝑘 = 𝑐

𝑛2
𝑘=1  ∀ 𝑖 ∈ 𝐼𝑛

𝑗=1 }  

𝐶2 ≔ {𝐵 ∈ ℝ𝑛𝑥𝑛𝑥𝑛
2
: ∑ ∑ 𝐵𝑖,𝑗,𝑘 = 𝑐

𝑛2
𝑘=1  ∀ 𝑗 ∈ 𝐼𝑛

𝑖=1 }  

𝐶3 ≔ {𝐵 ∈ ℝ𝑛𝑥𝑛𝑥𝑛
2
: ∑ ∑ 𝐵𝑖,𝑖,𝑘 = 𝑐

𝑛2
𝑘=1  𝑛

𝑖=1 }  

𝐶4 ≔ {𝐵 ∈ ℝ𝑛𝑥𝑛𝑥𝑛
2
: ∑ ∑ 𝐵𝑖,𝑛−𝑖+1,𝑘 = 𝑐

𝑛2
𝑘=1  𝑛

𝑖=1 }  

 

 

 

 

 

 

 

 

 

𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 5 𝑡h𝑎𝑡 𝑤𝑒 h𝑎𝑑 𝑓𝑜𝑟 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑛𝑜𝑤 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑡h𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓   



 
 

𝑡𝑤𝑜 𝑠𝑒𝑡𝑠:  

𝐶5 ≔ {𝐵 ∈ {0,1}𝑛𝑥𝑛𝑥𝑛
2
: ∑ ∑ 𝐵(𝑖, 𝑗, 𝑘)𝑛

𝑗=1
𝑛
𝑖=1 = 𝑛2 − 𝑘 + 1,  ∀𝑘 ∈ [1,2,… , 𝑛2]}  

𝐶6 ≔ {𝐵 ∈ {0,1}𝑛𝑥𝑛𝑥𝑛
2
: 𝑣𝑒𝑐𝐵𝑖,𝑗,: ∈ ℬ ∀ 𝑖, 𝑗 ∈ 𝐼}  

𝑤h𝑒𝑟𝑒 ℬ ≔ {[1,1,… ,1], [1,1,… ,0], … , [1,0,0,… 0]} 𝑖𝑠 𝑎 𝑏𝑎𝑠𝑒 𝑜𝑓 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑜𝑓 ℝ𝑛
2
.    

  

𝑂𝑛 𝑡h𝑒 𝑜𝑛𝑒 h𝑎𝑛𝑑,  𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 5 𝑔𝑢𝑎𝑟𝑎𝑛𝑡𝑒𝑒𝑠 𝑡h𝑎𝑡 𝑡h𝑒 𝑓𝑖𝑟𝑠𝑡 𝑓𝑙𝑜𝑜𝑟 𝑜𝑓 𝐵 𝑖𝑠 𝑎𝑙𝑙 𝑓𝑖𝑙𝑙𝑒𝑑 𝑤𝑖𝑡h 𝑜𝑛𝑒𝑠,    

𝑡h𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 𝑓𝑙𝑜𝑜𝑟 𝑚𝑢𝑠𝑡 h𝑎𝑣𝑒  

𝑛2 − 1 𝑜𝑛𝑒𝑠,  𝑎𝑛𝑑 𝑠𝑜 𝑜𝑛 𝑢𝑛𝑡𝑖𝑙 𝑡h𝑒 𝑙𝑎𝑠𝑡 𝑓𝑙𝑜𝑜𝑟,  𝑡h𝑒 𝑛𝑡h
2  𝑓𝑙𝑜𝑜𝑟 𝑤𝑖𝑙𝑙 h𝑎𝑣𝑒 𝑒𝑥𝑎𝑐𝑡𝑙𝑦 1 𝑜𝑛𝑒.  

  

  

𝑂𝑛 𝑡h𝑒 𝑜𝑡h𝑒𝑟 h𝑎𝑛𝑑,  𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 6 𝑔𝑢𝑎𝑟𝑎𝑛𝑡𝑒𝑠𝑠 𝑡h𝑎𝑡 𝑡h𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑖𝑠 𝑓𝑜𝑟𝑚𝑒𝑑 𝑏𝑦 𝑝𝑖𝑙𝑙𝑎𝑟𝑠 𝑜𝑓 𝑜𝑛𝑒𝑠 𝑠𝑡𝑎𝑛𝑑𝑖𝑛𝑔 𝑜𝑛 𝑡h𝑒   

𝑓𝑙𝑜𝑜𝑟, 𝑠𝑜 𝑖𝑓 𝑡h𝑒𝑟𝑒 𝑖𝑠 𝑎 𝑜𝑛𝑒 𝑖𝑛 𝑎𝑛 𝑒𝑛𝑡𝑟𝑦,  𝑎𝑙𝑙 𝑡h𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑏𝑒𝑙𝑜𝑤 𝑖𝑡 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑜𝑛𝑒𝑠 𝑡𝑜𝑜.    

𝑇h𝑒𝑟𝑒𝑓𝑜𝑟𝑒,  𝐵 𝑖𝑠 𝑚𝑎𝑔𝑖𝑐 𝑠𝑞𝑢𝑎𝑟𝑒 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓  

𝐵 ∈ ⋂ 𝐶𝑖
6
𝑖=1   

  

𝑇h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑜𝑛𝑡𝑜 𝑡h𝑒 𝑓𝑖𝑟𝑠𝑡 𝑓𝑜𝑢𝑟 𝑠𝑒𝑡𝑠 𝑎𝑟𝑒 𝑔𝑖𝑣𝑒𝑛,  𝑎𝑛𝑑 𝑐𝑎𝑛 𝑏𝑒 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 𝑢𝑠𝑖𝑛𝑔 𝑃𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 3.  

  

𝑃𝐶1(𝐵) = 𝐵 +
1

𝑛3

(

 
 

𝑢1…𝑢1
𝑢2…𝑢2
.
.

𝑢𝑛…𝑢𝑛)

 
 

  

𝑃𝐶1(𝐵) = 𝐵 +
1

𝑛3

(

 
 

𝑣1 𝑣2…𝑣𝑛
𝑣1 𝑣2…𝑣𝑛

.

.
𝑣1 𝑣2…𝑣𝑛)

 
 

  

𝑃𝐶1(𝐵) = 𝐵 +
1

𝑛3
(𝑐 − ∑ ∑ 𝐵𝑖𝑖𝑘

𝑛2
𝑘=1

𝑛
𝑖=1 )

(

 
 

𝑒 0𝑛2 …0𝑛2

0𝑛2  𝑒…0𝑛2
.
.

0𝑛2 …0𝑛2  𝑒)

 
 

  

𝑃𝐶1(𝐵) = 𝐵 +
1

𝑛3
(𝑐 − ∑ ∑ 𝐵𝑖,𝑛−𝑖+1,𝑘

𝑛2
𝑘=1

𝑛
𝑖=1 )

(

 
 

0𝑛2  0𝑛2 …𝑒
0𝑛2 …𝑒 0𝑛2

.

.
𝑒 0𝑛2 …0𝑛2  )

 
 

  

  

𝑤h𝑒𝑟𝑒 𝑒 = (1,… ,1)ℝ𝑛
2
  𝑎𝑛𝑑   

𝑢𝑝 ≔ (𝑐 − ∑ ∑ 𝐵𝑝,𝑗,𝑘, … , 𝑐 −
𝑛2
𝑘=1

𝑛
𝑗=1 ∑ ∑ 𝐵𝑝,𝑗,𝑘

𝑛2
𝑘=1

𝑛
𝑗=1 ) ∈ ℝ𝑛

2
  



 
 

𝑣𝑝 ≔ (𝑐 − ∑ ∑ 𝐵𝑝,𝑗,𝑘, … , 𝑐 −
𝑛2
𝑘=1

𝑛
𝑖=1 ∑ ∑ 𝐵𝑝,𝑗,𝑘

𝑛2
𝑘=1

𝑛
𝑖=1 ) ∈ ℝ𝑛

2
  

  

∀ 𝑖, 𝑗 ∈ 𝐼:  

𝑃𝐶6(𝐵)𝑖,𝑗 = 𝑎𝑟𝑔𝑚𝑖𝑛𝑏∈ℬ ||𝐵𝑖,𝑗 − 𝑏||  

  

  

𝐴𝑛𝑑 𝑖𝑓 𝑤𝑒 𝑤𝑎𝑛𝑡 𝑡𝑜 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑎 𝑝𝑎𝑟𝑡𝑖𝑎𝑙𝑙𝑦 𝑓𝑖𝑙𝑙𝑒𝑑 𝑚𝑎𝑔𝑖𝑐 𝑠𝑞𝑢𝑎𝑟𝑒,    

𝑖𝑡 𝑖𝑠 𝑎𝑛𝑎𝑙𝑜𝑔𝑜𝑢𝑠 𝑡𝑜 𝑡h𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠,  𝑠𝑜 𝑤𝑒′𝑙𝑙 𝑛𝑜𝑡 𝑔𝑒𝑡 𝑖𝑛𝑡𝑜 𝑡h𝑎𝑡.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

𝟕 𝑰𝒎𝒑𝒍𝒆𝒎𝒆𝒏𝒕𝒂𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 𝑬𝒙𝒑𝒆𝒓𝒊𝒎𝒆𝒏𝒕𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝑴𝒂𝒈𝒊𝒄 𝑺𝒒𝒖𝒂𝒓𝒆𝒔  

  

𝐼𝑛 𝑜𝑟𝑑𝑒𝑟 𝑡𝑜 𝑖𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚𝑠 𝑤𝑒′𝑣𝑒 𝑙𝑒𝑎𝑟𝑛𝑒𝑑,  𝑤𝑒′𝑙𝑙 𝑢𝑠𝑒 𝑀𝑎𝑡𝑙𝑎𝑏 𝑎𝑠 𝑜𝑢𝑟 𝑤𝑜𝑟𝑘𝑝𝑙𝑎𝑐𝑒.    

𝑊𝑒′𝑙𝑙 𝑖𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑏𝑜𝑡h 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛𝑠,  𝑡h𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑜𝑛𝑒 𝑎𝑛𝑑 𝑡h𝑒 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑛𝑒,  𝑎𝑛𝑑 𝑐𝑜𝑚𝑝𝑎𝑟𝑒 h𝑜𝑤 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡  

𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑓𝑓𝑒𝑐𝑡 𝑡h𝑒 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 𝑜𝑓 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚.    

  

𝐹𝑜𝑟 𝑒𝑎𝑐h 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛,  𝑤𝑒′𝑑 𝑙𝑖𝑘𝑒 𝑜𝑢𝑟 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑡𝑜 𝑟𝑢𝑛 𝑜𝑛 𝑡h𝑒 𝑠𝑎𝑚𝑒 𝑠𝑝𝑎𝑐𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛   

𝑤𝑒′𝑣𝑒 𝑎𝑙𝑟𝑒𝑎𝑑𝑦 𝑑𝑖𝑠𝑐𝑢𝑠𝑠𝑒𝑑.  

𝐴𝑠 𝑓𝑜𝑟 𝑎 𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑎,  𝑤𝑒′𝑙𝑙 𝑒𝑖𝑡h𝑒𝑟 𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑡𝑒 𝑎𝑓𝑡𝑒𝑟 30 𝑚𝑖𝑛𝑢𝑡𝑒𝑠 𝑜𝑓 𝑟𝑢𝑛𝑡𝑖𝑚𝑒,  

 𝑜𝑟 𝑎𝑓𝑡𝑒𝑟 𝑓𝑖𝑛𝑑𝑖𝑛𝑔 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛.  

  

𝐵𝑦 𝑇h𝑒𝑜𝑟𝑒𝑚 1,  𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡h𝑎𝑡 𝑡h𝑒 𝑆h𝑎𝑑𝑜𝑤 𝑆𝑒𝑞𝑢𝑒𝑛𝑒 {𝑃𝐷(𝑥𝑛)} 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑤𝑒𝑎𝑘𝑙𝑦 𝑡𝑜 𝑃𝐷(𝑥
∗) ∈

𝐶 ∩ 𝐷,    

𝑖𝑛 𝑡h𝑒 𝑐𝑎𝑠𝑒 𝑤h𝑒𝑟𝑒 𝐶 ∩ 𝐷 ≠ ∅.  𝐵𝑢𝑡 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡h𝑎𝑡 𝐶 ∩ 𝐷 ≠

∅ 𝑠𝑖𝑛𝑐𝑒 𝑀𝑎𝑔𝑖𝑐 𝑆𝑞𝑢𝑎𝑟𝑒𝑠 𝑑𝑜 𝑖𝑛 𝑓𝑎𝑐𝑡 𝑒𝑥𝑖𝑠𝑡.    

𝑇h𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑏𝑦 𝑡h𝑖𝑠 𝑡h𝑒𝑜𝑟𝑒𝑚,  𝑇h𝑒 𝑠𝑒𝑡 {𝑃𝐷(𝑥𝑛)}  𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑡𝑜 𝑎 𝑚𝑎𝑔𝑖𝑐 𝑠𝑞𝑢𝑎𝑟𝑒.  

  

  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

𝟕. 𝟏 𝑰𝒎𝒑𝒍𝒆𝒎𝒆𝒏𝒕𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝑰𝒏𝒕𝒆𝒈𝒆𝒓 𝑭𝒆𝒂𝒔𝒊𝒃𝒊𝒍𝒊𝒕𝒚 𝑷𝒓𝒐𝒃𝒍𝒆𝒎:  

  

  

𝑇𝑎𝑘𝑒 𝑥0 ≔ (𝑦, 𝑦, 𝑦, 𝑦, 𝑦) ∈ 𝐷 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑦 ∈ ℝ𝑛𝑥𝑛 𝑟𝑎𝑛𝑑𝑜𝑚𝑙𝑦 𝑐h𝑜𝑠𝑒𝑛 𝑤𝑖𝑡h 𝑒𝑛𝑡𝑟𝑖𝑒𝑠 [0,1].  

  

𝑊𝑒 𝑘𝑛𝑜𝑤 𝑎𝑙𝑟𝑒𝑎𝑑𝑦 h𝑜𝑤 𝑡𝑜 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑃𝐷(𝑥𝑛)𝑎𝑛𝑑 𝑃𝐶(𝑥𝑛),  𝑠𝑖𝑛𝑐𝑒 𝑡h𝑒 𝑐𝑙𝑜𝑠𝑒𝑑 𝑓𝑜𝑟𝑚𝑠 𝑎𝑟𝑒 𝑔𝑖𝑣𝑒𝑛 𝑖𝑛  

 𝑃𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛𝑠 2 𝑎𝑛𝑑 3.  

  

𝑊𝑒 𝑎𝑙𝑠𝑜 𝑘𝑛𝑜𝑤 𝑡h𝑎𝑡  𝑥𝑛+1 = 𝑥𝑛 + 𝑃𝐷(2𝑃𝐶(𝑥𝑛) − 𝑥𝑛) − 𝑃𝐶(𝑥𝑛) 

  

𝐴𝑛𝑑 𝑓𝑜𝑟 𝑜𝑢𝑟 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑛𝑜𝑡 𝑡𝑜 𝑟𝑢𝑛 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒𝑙𝑦 𝑙𝑜𝑛𝑔,  𝑤𝑒′𝑙𝑙 𝑠𝑒𝑡 𝑎 𝑙𝑖𝑚𝑖𝑡 𝑡𝑜 h𝑜𝑤 𝑙𝑜𝑛𝑔 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑤𝑖𝑙𝑙 𝑟𝑢𝑛,  

𝑜𝑟 h𝑜𝑤 𝑐𝑙𝑜𝑠𝑒 𝑡𝑜 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒 𝑤𝑒′𝑑 𝑙𝑖𝑘𝑒 𝑡𝑜 𝑏𝑒.  𝑀𝑒𝑎𝑛𝑖𝑛𝑔,  

𝑤𝑒 𝑐𝑎𝑛 𝑙𝑖𝑚𝑖𝑡 𝑜𝑢𝑟 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑡𝑜 𝑤𝑜𝑟𝑘 𝑙𝑒𝑡′𝑠 𝑠𝑎𝑦 30 𝑚𝑖𝑛𝑢𝑡𝑒𝑠,  

𝑜𝑟 𝑤𝑒 𝑐𝑎𝑛 𝑎𝑙𝑠𝑜 𝑠𝑡𝑜𝑝 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑤h𝑒𝑛 𝑡h𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑢𝑝h𝑜𝑙𝑑𝑠:  

||𝑟𝑜𝑢𝑛𝑑(𝑃𝐷(𝑥𝑛)) − 𝑃𝐶𝑖 (𝑟𝑜𝑢𝑛𝑑(𝑃𝐷(𝑥𝑛)))|| ≤

0.05  ∀ 𝑖,  𝑤h𝑒𝑟𝑒 𝑟𝑜𝑢𝑛𝑑(⋅) 𝑔𝑖𝑣𝑒𝑠 𝑡h𝑒 𝑛𝑒𝑎𝑟𝑒𝑠𝑡 𝑟𝑜𝑢𝑛𝑑𝑒𝑑 𝑖𝑛𝑡𝑒𝑔𝑒𝑟,  𝑖𝑓 𝑖𝑡′𝑠 𝑎 𝑣𝑒𝑐𝑡𝑜𝑟,  

𝑡h𝑒𝑛 𝑖𝑡 𝑖𝑠 𝑑𝑜𝑛𝑒 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡𝑤𝑖𝑠𝑒.  𝑇h𝑖𝑠 𝑎𝑙𝑠𝑜 𝑚𝑒𝑎𝑛𝑠 𝑡h𝑎𝑡 𝑃𝐷(𝑥𝑛) 𝑖𝑠 𝑣𝑒𝑟𝑦 𝑐𝑙𝑜𝑠𝑒 𝑡𝑜 𝑒𝑣𝑒𝑟𝑦 𝑠𝑒𝑡,  𝑚𝑒𝑎𝑛𝑖𝑛𝑔 𝑡h𝑎𝑡   

𝑃𝐷(𝑥𝑛) 𝑖𝑠 𝑐𝑙𝑜𝑠𝑒 𝑡𝑜 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑒𝑣𝑒𝑟𝑦 𝑠𝑒𝑡.  

 

 

 

 

 

 

 

 

 

 

 

 



 
 

𝟕. 𝟐 𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎𝒔 𝐟𝐨𝐫 𝐌𝐚𝐠𝐢𝐜 𝐒𝐪𝐮𝐚𝐫𝐞𝐬  

  

𝑴𝒂𝒊𝒏 𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎:  

𝐼𝑛𝑝𝑢𝑡: 𝑛,  𝑂𝑢𝑡𝑝𝑢𝑡: 𝑛 𝑏𝑦 𝑛 𝑚𝑎𝑔𝑖𝑐 𝑆𝑞𝑢𝑎𝑟𝑒.  

𝑊𝑒 𝑢𝑠𝑒𝑑 𝑡h𝑒 𝑑𝑜𝑢𝑔𝑙𝑎𝑠 −

𝑟𝑎𝑐h𝑓𝑜𝑟𝑑 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 h𝑒𝑟𝑒,  𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 𝐷𝑅𝑂𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛.  𝑊𝑒 𝑢𝑠𝑒𝑑 𝑡h𝑒 𝐷𝑅 + 𝑃𝑟𝑜𝑗 𝑣𝑎𝑟𝑖𝑎𝑛𝑡,    

𝑎𝑓𝑡𝑒𝑟 400,800,1600,3200,… 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠.  

𝐴𝑓𝑡𝑒𝑟 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑖𝑛𝑔 𝑜𝑢𝑟 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑀𝑎𝑡𝑟𝑖𝑥,  𝑤𝑒 𝑐h𝑒𝑐𝑘 h𝑜𝑤 𝑐𝑙𝑜𝑠𝑒 𝑖𝑡 𝑖𝑠 𝑡𝑜 𝑡h𝑒 𝑠𝑒𝑡 𝐶,    

𝑎𝑛𝑑 𝑖𝑓 𝑖𝑡 𝑖𝑠 𝑐𝑙𝑜𝑠𝑒 𝑒𝑛𝑜𝑢𝑔h,  𝑤𝑒 𝑐𝑎𝑛 𝑐𝑜𝑛𝑐𝑙𝑢𝑑𝑒 𝑡h𝑎𝑡 𝑜𝑢𝑟 𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑀𝑎𝑡𝑟𝑖𝑥 𝑖𝑠 𝑎 𝑀𝑎𝑔𝑖𝑐 𝑆𝑞𝑢𝑎𝑟𝑒.    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

𝑺𝒊𝒅𝒆 𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎𝒔:  

  

𝐿𝑜𝑔𝑖𝑐 𝑜𝑓 𝑡h𝑒 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑛𝑡𝑜 𝐶5:  

𝐹𝑖𝑟𝑠𝑡 𝑤𝑒 𝑐𝑟𝑒𝑎𝑡𝑒 𝑎𝑛 𝑎𝑠𝑐𝑒𝑛𝑑𝑖𝑛𝑔 𝑎𝑟𝑟𝑎𝑦 𝑜𝑓 [1, … , 𝑛2].  

𝑇h𝑒𝑛 𝑤𝑒 𝑡𝑎𝑘𝑒 𝑜𝑢𝑟 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑚𝑎𝑡𝑟𝑖𝑥 ,  𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 𝑖𝑡 𝑖𝑛𝑡𝑜 𝑎 𝑐𝑜𝑙𝑢𝑚𝑛 𝑣𝑒𝑐𝑡𝑜𝑟,  𝑎𝑛𝑑 𝑠𝑜𝑟𝑡 𝑖𝑡 𝑖𝑛 𝑎𝑛 𝑎𝑠𝑐𝑒𝑛𝑑𝑖𝑛𝑔 𝑜𝑟𝑑𝑒𝑟,  

𝑇h𝑒𝑛 𝑓𝑜𝑟 𝑡h𝑒 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝑛𝑢𝑚𝑏𝑒𝑟 𝑖𝑛 𝑡h𝑒 𝑚𝑎𝑡𝑟𝑖𝑥,  𝑤𝑒 𝑎𝑠𝑠𝑖𝑔𝑛 𝑡h𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 1,    

𝑡h𝑒 𝑛𝑒𝑥𝑡 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝑛𝑢𝑚𝑏𝑒𝑟 𝑔𝑒𝑡𝑠 𝑡h𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 2,  𝑎𝑛𝑑 𝑠𝑜 𝑜𝑛.  

𝐼𝑓 𝑤𝑒 h𝑎𝑣𝑒 𝑡𝑤𝑜 𝑒𝑞𝑢𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑖𝑛 𝑡h𝑒 𝑚𝑎𝑡𝑟𝑖𝑥,  𝑡h𝑒𝑛 𝑤𝑒 𝑎𝑠𝑠𝑖𝑔𝑛 𝑡h𝑒 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑏𝑦 𝑡h𝑒 𝑜𝑟𝑑𝑒𝑟 𝑡h𝑎𝑡   

𝑡h𝑒 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑖𝑛 𝑡h𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑤𝑒𝑟𝑒 𝑟𝑒𝑎𝑑.  

𝐼𝑛 𝑡h𝑒 𝑒𝑛𝑑,  𝑖𝑓 𝑜𝑢𝑟 𝑚𝑎𝑖𝑛 𝑚𝑎𝑡𝑟𝑖𝑥 𝑤𝑎𝑠 (
2 2 6

 5 15 7
10 9 13

) ,   𝑇h𝑒𝑛 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡h𝑖𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑛𝑡𝑜 𝐶5 𝑖𝑠 (
1 2 4
3 9 5
7 6 8

).  

𝑊h𝑖𝑐h 𝑖𝑠 𝑖𝑛𝑑𝑒𝑒𝑑 𝑤h𝑎𝑡 𝑤𝑒 𝑔𝑒𝑡 𝑖𝑛 𝑀𝑎𝑡𝑙𝑎𝑏:  

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

𝑭𝒊𝒏𝒅 𝑷𝒓𝒐𝒋𝒆𝒄𝒕𝒊𝒐𝒏𝒔 𝒐𝒏𝒕𝒐 𝑪:  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

Find Projections onto D: 

 

 

 

 

 

 

 

 

 

Iteration Algorithm: 

 

 

 

 

  

 

 

 

 

 

 

 



 
 

𝟕. 𝟑 𝑹𝒆𝒔𝒖𝒍𝒕𝒔  

  

  

𝑊𝑒 𝑙𝑒𝑡 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑟𝑢𝑛 𝑒𝑖𝑡h𝑒𝑟 𝑢𝑛𝑡𝑖𝑙 10000 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 h𝑎𝑣𝑒 𝑏𝑒𝑒𝑛 𝑑𝑜𝑛𝑒,  𝑜𝑟 30 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 h𝑎𝑣𝑒 𝑝𝑎𝑠𝑠𝑒𝑑.  

𝑊𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒 𝑎 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 {𝑃𝐷(𝑥𝑛)},  𝑤h𝑖𝑐h:  

𝐵𝑦 𝑇h𝑒𝑜𝑟𝑒𝑚 1,     

1.  𝐼𝑓 𝐴 ∩ 𝐵 ≠

∅,  𝑡h𝑒𝑛 {𝑥𝑛} 𝑖𝑠 𝑤𝑒𝑎𝑘𝑙𝑦 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡 𝑡𝑜 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑥∗ 𝑎𝑛𝑑{𝑃𝐴(𝑥𝑛)}  𝑖𝑠 𝑤𝑒𝑎𝑘𝑙𝑦 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡 𝑡𝑜 𝑃𝐴(𝑥
∗) ∈

𝐴 ∩ 𝐵.  

𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡h𝑎𝑡 𝑀𝑎𝑔𝑖𝑐 𝑆𝑞𝑢𝑎𝑟𝑒𝑠 𝑑𝑜 𝑒𝑥𝑖𝑠𝑡.  𝑆𝑜 𝐷 ∩ 𝐶 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑛𝑜𝑛 − 𝑒𝑚𝑝𝑡𝑦.  

  

𝐴𝑠 𝑎 𝑐𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑡h𝑖𝑠 𝑡h𝑒𝑜𝑟𝑒𝑚,  𝑖𝑛 𝑜𝑢𝑟 𝑟𝑒𝑠𝑢𝑙𝑡𝑠,  𝑤𝑒 𝑙𝑜𝑜𝑘𝑒𝑑 𝑎𝑡 𝑡h𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 {𝑃𝐷(𝑥𝑛)},    

𝐴𝑛𝑑 𝑎𝑙𝑠𝑜 𝑎𝑡 𝑡h𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 {𝑃𝐶(𝑃𝐷(𝑥𝑛)}   

𝑤h𝑖𝑐h 𝑤𝑎𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 𝑎 𝑣𝑎𝑟𝑖𝑎𝑛𝑡 𝑖𝑛 3.  𝐵𝑦 𝑡h𝑒 𝑡h𝑒𝑜𝑟𝑒𝑚,  {𝑃𝐷(𝑥𝑛)} 𝑠h𝑜𝑢𝑙𝑑 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒 𝑡𝑜 𝑎 𝑚𝑎𝑔𝑖𝑐 𝑠𝑞𝑢𝑎𝑟𝑒.  

  

𝐼𝑛 𝑎𝑙𝑙 𝑜𝑓 𝑜𝑢𝑟 𝑟𝑒𝑠𝑢𝑙𝑡𝑠,  𝑤𝑒 h𝑎𝑣𝑒𝑛′𝑡 𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑑 𝑒𝑣𝑒𝑛 𝑎 𝑠𝑖𝑛𝑔𝑙𝑒 𝑚𝑎𝑔𝑖𝑐 𝑠𝑞𝑢𝑎𝑟𝑒 𝑤h𝑒𝑛 𝑤𝑒 𝑙𝑜𝑜𝑘𝑒𝑑 𝑎𝑡 {𝑃𝐷(𝑥𝑛)}.  

𝐼𝑡 𝑠𝑒𝑒𝑚𝑠 𝑡h𝑎𝑡 𝑃𝐷(𝑥𝑛) 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑡𝑜 𝑎 𝑚𝑎𝑡𝑟𝑖𝑥 𝑡h𝑎𝑡 𝑏𝑒𝑙𝑜𝑛𝑔𝑠 𝑡𝑜 𝐶1…∩

𝐶4,  𝑏𝑢𝑡 𝑛𝑜𝑡 𝑡𝑜 𝐶5,  𝑚𝑒𝑎𝑛𝑖𝑛𝑔 𝑡h𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠   

𝑜𝑓 𝑃𝐷(𝑥𝑛) 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 1 𝑡𝑜 𝑛2.  

𝑇h𝑎𝑡 𝑚𝑒𝑎𝑛𝑠 𝑡h𝑎𝑡 𝑡h𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑤𝑒 𝑔𝑒𝑡 𝑑𝑜𝑒𝑠 𝑢𝑝h𝑜𝑙𝑑 𝑡h𝑒 𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑎 𝑡h𝑎𝑡 𝑒𝑎𝑐h 𝑟𝑜𝑤 𝑠𝑢𝑚𝑠 𝑢𝑝 𝑡𝑜 𝑡h𝑒 𝑚𝑎𝑔𝑖𝑐 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡,  

 𝑠𝑜 𝑑𝑜𝑒𝑠 𝑒𝑎𝑐h  

𝑐𝑜𝑙𝑢𝑚𝑛,  𝑎𝑛𝑑 𝑏𝑜𝑡h 𝑚𝑎𝑖𝑛 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙𝑠.  𝐵𝑢𝑡 𝑡h𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑖𝑠𝑛′𝑡 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 1 𝑡𝑜 𝑛2,     

𝑡h𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑖𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑚𝑎𝑔𝑖𝑐 𝑠𝑞𝑢𝑎𝑟𝑒.  

𝑇h𝑒 𝑠𝑜𝑙𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑡h𝑎𝑡 𝑜𝑢𝑟 𝑓𝑖𝑛𝑎𝑙 𝑚𝑎𝑡𝑟𝑖𝑥 𝑖𝑠 𝑚𝑖𝑠𝑠𝑖𝑛𝑔,  𝑖𝑠 𝑡h𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑡h𝑎𝑡 𝑡h𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑎𝑙𝑠𝑜 𝑏𝑒𝑙𝑜𝑛𝑔𝑠 𝑡𝑜 𝐶5 ,    

𝑤h𝑖𝑐h 𝑚𝑒𝑎𝑛𝑠 𝑡h𝑎𝑡  𝑡h𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 1 𝑡𝑜 𝑛2.   

  

𝑇h𝑒 𝑐𝑜𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛 𝑤𝑎𝑠 𝑒𝑖𝑡h𝑒𝑟 𝑡h𝑎𝑡 𝑖𝑡 𝑑𝑖𝑑𝑛′𝑡 𝑤𝑜𝑟𝑘 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝐶5 𝑤𝑎𝑠 𝑛𝑜𝑛𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑜 𝑡h𝑒 𝑡h𝑒𝑜𝑟𝑒𝑚 𝑑𝑖𝑑𝑛′𝑡 𝑎𝑝𝑝𝑙𝑦,  

𝑜𝑟 𝑡h𝑎𝑡 𝑤𝑒 𝑤𝑟𝑜𝑡𝑒 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑡𝑜 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑛𝑡𝑜  𝐶5 𝑖𝑠 𝑤𝑟𝑜𝑛𝑔,  𝑤h𝑖𝑐h 𝑑𝑜𝑒𝑠𝑛′𝑡 𝑠𝑒𝑒𝑚 𝑡𝑜 𝑏𝑒 𝑡h𝑒 𝑐𝑎𝑠𝑒 𝑤h𝑒𝑛 𝑡𝑒𝑠𝑡𝑖𝑛𝑔 𝑡h𝑒 

𝑏𝑒h𝑎𝑣𝑖𝑜𝑟 𝑜𝑓 𝐶5 𝑜𝑛 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠.   𝑇h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑡𝑜 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑡h𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑛𝑡𝑜 𝐶5 𝑤𝑎𝑠 𝑔𝑖𝑣𝑒𝑛 𝑖𝑛 

Proposition 2, but perhaps I have misunderstood the logic of this algorithm. Because it does seem, 

that the way I understood the  

𝑙𝑜𝑔𝑖𝑐 𝑜𝑓 h𝑜𝑤 𝑡𝑜 𝑝𝑟𝑜𝑗𝑒𝑐𝑡 𝑜𝑛𝑡𝑜 𝐶5,  𝑎𝑛𝑑 h𝑜𝑤 𝐼 𝑤𝑟𝑜𝑡𝑒 𝑡h𝑒 𝑎𝑙𝑔𝑜𝑟𝑖𝑡h𝑚 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑡𝑜 𝑚𝑦 𝑢𝑛𝑑𝑒𝑟𝑠𝑡𝑎𝑛𝑑𝑖𝑛𝑔,  𝑖𝑠 𝑐𝑜𝑟𝑟𝑒𝑐𝑡,   

𝑏𝑢𝑡 𝑝𝑒𝑟h𝑎𝑝𝑠 𝐼′𝑣𝑒 𝑚𝑖𝑠𝑢𝑛𝑑𝑒𝑟𝑠𝑡𝑜𝑜𝑑. 

 

 



 
 

 8. Conclusions 

 

 

To conclude our work, we’ve seen a few examples of how the Classic Douglas-Rachford and the 

Cyclic Douglas-Rachford algorithms iterate. We’ve seen that in some cases, like the 3 Convex sets 

example, the Classic Douglas-Rachford failed to converge , while the variation of the classic douglas-

rachford algorithm, the cyclic douglas-rachford algorithm, did indeed converge to the point which is 

the intersection of all the sets. We’ve seen that the theory and theorems that we’ve stated, appear 

to be true in our examples.  

 

What we can conclude from that, is that how we define our iterations, the order we define them, 

can change a problem from being feasible using a method, to unfeasible, and vice versa.  

 

We’ve seen that a very useful notion, the Space Product Formulation, can take advantage of the 

Douglas-Rachford theorem for 2 sets, by creating 2 other sets, called the D (Diagonal) and C sets, 

Which can help us deal with convex and nonconvex problems involving more than 2 sets, potentially, 

a very big amount of sets, which as a result, we’ve seen that many valuable mathematical problems 

from lots of fields, specifcally combinatorial problems is what we’ve went deeper into, even these 

types of problems, can be solved, and we can find a solution, using the Douglas-Rachford method. 

 

In our magic square case, our algorithm didn’t manage to give us a full legit completed Magic 

Square, which was disappointing. My conclusions as to why this has happened, are written  

In the result part of the Magic Squares section (section 7).  

 

For the future of the field of Optimization, both in convex and nonconvex settings, I believe we can 

expect the Douglas-Rachford algorithm to still be successful in many cases, and I also believe that 

people, with the need to solve different feasibility problems,  will come up with various variations of 

the Classic Douglas Rachford algorithm, 

To give an answer to the situations where the Classic Douglas Rachford algorithm does not give us 

The result, like shown in Example 1 with the 3 Lines.  
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